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Abstract

Due to underactuation, the states of nonholonomic systems cannot be steered toward any direction of the state space.
This note takes unicycles as an example and demonstrates a new idea of control design for nonholonomic systems.
More precisely, we apply state transformation technique and external dynamic oscillator, and convert an
underactuated nonholonomic unicycle into a fully-actuated and linearizable one. A control law, capable of tracking
and stabilization uses, is then constructed. The tradeoff therein is that the tracking/stabilization errors can only be
steered into the neighborhood of the origin rather than converging to zero. Numerical simulations are carried out to

validate the proposed control scheme.
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1. Introduction

The states of unicycles cannot be arbitrarily steered in
the state space due to nonholonomic constraints caused
by the lack of lateral control input [1]. The control laws
developed for unicycles can be divided into two types:
full-state (position + orientation) [2] [3] [4] [5] and
position-only controllers [6] [7], both of which focus on
either tracking or stabilization purposes.

Time-varying [2] or discontinuous technique [3] is
generally applied to develop the stabilizers for unicycles.
In [2], a time-related oscillating function is fused into the
visual control law that achieves pose stabilization with
the unknown focal length of the camera. Via combing the
o-process and switching mechanism, the discontinuous
controller in [3] ensures exponential convergence of pose
stabilization errors. For tracking uses in torque level, the
backstepping control law proposed in [4] obtains
uniformly asymptotical convergence of position and
orientation errors. In [5], a simple switching control law
with an invariant set capable of simultaneous tracking
and stabilization is proposed. Additionally, the position-
only control schemes in [6] [7] choose a point in front of
the body center as a position coordinate and convert the
position derivative into a feedback linearizable form,
making linear control approaches applicable. However,
the feedback linearization control laws like those in [6]
[7] do not consider the zero dynamics associated with
uncontrolled orientation. As a result, how orientation
behaves in the steady state remains unknown. Therefore,
it is significant to investigate the full-state feedback
linearization schemes for unicycles.

Motivated by the discussion above, we generalize the
state transformation technique used in our previous work

[5] and convert the original kinematic model of the
unicycle into a new feedback linearizable form by fusing
pose states with external oscillators and introducing an
additional control input. A simple proportional control
law in terms of feedback linearization is then proposed.
We prove that the pose error for either time-invariant or
time-varying desired signals can be stabilized into a small
ball enclosing the origin.

The remainder is organized as follows. Section 2 includes
the problem formulation and control design. Numerical
simulation results are presented in Section 3. Section 4
concludes the work briefly.

2. Main Results
2.1. Problem Formulation

The typical kinematic model of a unicycle can be
described by [5],

X=ucosé,y=using,0=r (1)
where [x, y]T is the position, @ denotes the orientation,

u stands for the linear velocity, and r represents the
angular velocity. Suppose that the desired pose signal

[X4: Ya:6y ]T obeys the same kinematics as (1) and
satisfies the assumptions below,

Assumption 1. The time derivatives [Xd Yy, 6, JT elL,.
Assumption 2. There exists a positive constant y so that

%5 Va6, <7 @)

Then, the control objective can be stated as: under
Assumptions 1-2, find a control law (u,r) such that

lim|[x,y,0]-[%,. 4.6, ]| <o ©)
with a positive constant o .

© The 2025 International Conference on Artificial Life and Robotics (ICAROB2025), Feb.13-16, J:COM HorutoHall, Oita, Japan



Lixia Yan, Yingmin Jia
2.2. Control Design

First of all, we would like to convert the unicycle
model (1) into a feedback linearizable form via state
transformations. Define

X, = XC0s@+ysind

y, =—Xxsiné+ ycoséd (4)
6 =0
and calculate its derivative as below,
% =U+TY;, Yy =—1%, 6 =T ()

For the purpose of practical linearization, an external
dynamic oscillator in terms of auxiliary variables is
needed. Let ¢ be an auxiliary variable and ¢ a small

positive constant, we define the following new states

z, =6 —&cos¢

z,=%—¢&sing (6)
2, =2y, +(z, +&cosg)(z, +£sing)
Calculating the time derivative of (6) leads to
2, =r+epsing
2, =U+Ty, — £ COS P @)

2, =*9—12,(z, +2esing)+2,(z, + 2ccos §)

Define new control inputs w, [ 2,,w, [ 2,,w, [1 £°¢ , we
convert (7) into

[lezzvzs]T ZA[Wsz’Ws]T (8)
where
1 0 0
A= 0 1 0 C)]

—-2,—2¢esing z,+2¢cos¢ 1

Obviously, the matrix A is invertible and the new
model (8) is feedback linearizable. A more favorable
feature is that the (8) is fully-actuated.

Following the (4) and (6), we perform some
calculations on the desired signal and obtain,

X,g = X4 COSO, +Y, Siné,
Yig =X, SiNG, +Y, cos6,

0, =0, (10)
de :ud +rdy1dYY1d :_rdxld’gld = rd
Let
2y =OqrZog = %1123 =219 + 2254 (11)
and define errors,
€ =2 —24,6 =2y =2y, 8 = 23— Iy (12)

Before moving on, we propose the following lemma,
Lemma 1. There exists a positive constant 6 so that (3)

establishes, if e, —»0,e, 0,6, >0 as t — +o0.

Proof. Using the conditions in the lemma and (6), one
gets,

6,-6, =0—-0, > £cos¢

X, — X4 —>&SiNg 13)
_ L sing+2,, COS¢+ £COSPsin g

2
For the term y, —y,, . it is obvious that

limly, - vio| <05¢(J25 + 25 +2)

which, together with the fact that zZ2, <xi+y> and
Assumption 2, leads to

Yi— Y —

(14)

liml . — Y[ <052 (y+2) (15)
Therefore,
0% %0 ¥ = Yia ]| 05 (r + £ +2) (16)
cos*  sin*
Let S(*):[ ) ]we know that
—sin* cos*
X = Xy X Xy
=S(0 -S(60
{yl—ylj ( ){y} (d){yd}
[ cos@ sing || X=X,
| =sin® cosd || y-vy, (17)
X
As@-s@)] ¢ |
Ya
and
5(0)-5(6,) = co.se—co.sé?d sin@—sing,
—sin@+sin@, cosd—cosb,
—Sin9+6d COSH+0d
=2$in‘9_6’d 2 2
0+0, . 0+0,
—CoS —sin 5

where the sum-to-product formula is used. Henceforth,
X4

[s(o)-s(a)]* |
Yu

By Assumption 2 and the fact [x,, Y, ]| <|[%,. Vs.64]].

<lo-6illlx.v.] (8

we use (17) and obtain

fim [[x=x,,y =y, J|<05£(3y +£+2) (19)
The ultimate bound & can then be estimated by,
5=05¢(3y+36+2) (20)

The claims in the lemma hence establish. ]
Let K =diag{k;,k,,k;} beapositive definite matrix,
we design the control inputs as,

Wl 21d el
w, |= A 2, |-K|e, (1)
W3 Z3d e3

The original control inputs can be recovered via the

following procedures,

© The 2025 International Conference on Artificial Life and Robotics (ICAROB2025), Feb.13-16, J:COM HorutoHall, Oita, Japan

536



¢:£§,r :Wl_g¢sin¢,u =W, —ry1+g¢cos¢ (22)
&

Then, we summarize the main results of the current work
in the theorem below,

Theorem 1. Given Assumptions 1-2, the application of

the control law (21)(22) on the unicycle (1) achieves the

control objective (3).

Proof. Using (22) into (21), we obtain,
& =-ke & =-Ke, & =-ke,

which demonstrates that [el,ez,e3]T converges to zero

(23)

exponentially [8]. Using Lemma 1, we conclude that the
control objective (3) is achieved. L]
Remark 1. The pose errors in steady state are not
stabilized to zero and the actual pose states would
converge into the neighborhood around the desired signal,
see Fig.1.

[.\'ﬁ,.)z,.‘_(i‘]’
Y Desired Signal Vil
u > “\5
) S !.= 0 ..... ]

Steady i’hase

o — *x
Fig.1 Pose trajectories in steady state.

3. Numerical Simulation

In this section, we perform the simulation with three
different desired signals to verify the control scheme. The
control coefficients for all cases are selected as
=02k =k, =k, =55 identically. We initialize the
unicycle states by x(0)=—4,y(0)=-4.5,0(0)=-0.57.
We choose the following desired signals:

Case 1. Circular trajectory

%, =0.2c0sé,,y, =0.2sin@,,d, =0.025

X, (0)=0,y, (0)=-8,6,(0)=0

Case 2. Straight line

%, =0.2cos6,,y, =0.2sin8,,6, =0

Xy (0) =-35y, (0) =-3,0, (0) =0.257

Case 3. Fixed point

% =0y,=0,6,=0

The results are depicted in Fig. 2-4. As can be seen, all
results accord with the theoretical analysis and the
unicycle can stabilize itself to the neighborhood of the
desired signal that can be either time-varying or time-
invariant. The position trajectories seem to be zig-zag
during transient phase, due to the auxiliary variable ¢ is
oscillating for compensating the underactuation. Note
also that the ultimate bounds of pose tracking errors can
be reduced by decreasing ¢, which can be drawn from
Lemma 1 and (20).
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Fig.2 Simulation results of Case 1.
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Fig.3 Simulation results of Case 2.
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Fig.4 Simulation results of Case 3.

4. Conclusion

This work proposes a practical linearization control law
for nonholonomic unicycles. The underactuated property
is compensated by an additional control input fused with
external oscillators after state transformations. The
feedback linearizable form of the unicycle system is also
illustrated. It of worthy noting that the errors with respect
to the desired pose signal can converge to a small ball
enclosing the origin. In the future, we will generalize the
presented control law to the coordinated control of
networked unicycles.
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