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Abstract 

In this paper, we investigate the modeling and state reachability of controlled nondeterministic finite-state automata 

(NFA). The key feature of a controlled NFA is to admit a controller (also called a supervisor) to intervene the 

behavior of an original system. We first express the dynamics of a controlled NFA as an algebraic state-space 

representation in the framework of the semi-tensor product (STP) of matrices. Then, the necessary and sufficient 

condition for verifying state reachability of controlled NFA is presented. An explicit formula for calculating all 

paths of any two states is derived. Finally, we use an example to illustrate the application of the proposed theoretical 

results.  
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1. Introduction 

Discrete event systems (DESs), also called plants, have 

received considerable attention within the automatic 

control and computer science communities for many 

years, see, e.g., [1], [2]. 

Nondeterministic plants can be viewed as a 

generalization of deterministic plants. It is useful when 

designing a system at a higher-level of abstraction so that 

lower-level details of system are omitted to obtain 

higher-level models that may be nondeterministic. It is 

well-known that controlled DESs modeled by controlled 

finite automata have more complex structures and 

dynamics than uncontrolled DESs. Therefore, how to 

model and analyze effectively the dynamics of controlled 

nondeterministic DESs are still an interesting topic. 

In classical DESs, the reachability is a basic and 

important problem in the study of DESs. For instance, [3] 

studied the matrix expression and reachability verification 

of finite automata (including deterministic and 

nondeterministic). The approach in these two papers are 

based on algebraic state-space representation. In this 

paper, we develop a new methodology to investigate how 

to model controlled nondeterministic finite-state automata 

(NFA) using the STP of matrices.  

The rest of this article is organized as follows. The 

second section presents some basic notations and 

concepts needed in this paper. In the third part, we 

present a matrix-based expression for the dynamics of 

controlled NFA. In the fourth section, we give a 

methodology of verifying state reachability of controlled 

NFA, and an explicit formula of finding all paths of any 

two states is also provided, if exists. In the fifth section, 

an example is presented to illustrate the application of the 

proposed approach. The sixth part summarizes the main 

content of this paper. 

2. Preliminaries 

2.1. Notations 

In this subsection, we introduce some notations, which 

will be used in the sequel. n  is the set of all vectors of 

dimension n ; X  is the cardinality of set X ; 
m nM  is 

the set of m n matrices; 
( , )i jM  is the ( , )i j  element of 

matrix M ; ( )jCol M  is the j -th column of matrix

M ; ( )Col M  is the set of all columns of matrix M ; 

 0 : 0,0, ,0n

n

= ;  1 : 1,1, ,1n

n

= ;  0 : 0,0, ,0
T

n

n

 = ; 

: ( )k

n k nCol I = , 1 k n  ;  1 2: , , , n

n n n n   = ; 

 0 1: , , , n

n n n n   = ; 
m nL M  is a logical matrix 

(resp., generalised logical matrix) if ( ) mCol L  (resp., 

( ) mCol L   ). We denote the set of m n logical 

matrices (resp., generalised logical matrix) by 
m nL (resp., 

m nL ); If matrix 
m nL L , then it can be expressed as 

1 2, , , nii i

m m mL       and it is briefly denoted as 

 1 2, , ,m nL i i i , where  0,1, ,ki m , 1 k n  . 

2.2. Semi-tensor product (STP) of matrices 

In this subsection, we give some necessary basic 

knowledge of the STP of matrices used in the paper. 

Definition 2.1 ([4]): Let 
m nA M , 

p qB M . The 

STP of A  and B  is defined as  

/ /( )( ),t n t pA B A I B I=  ・           (1) 
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where t  denotes the least common multiple of n  and 

p , i.e., ( , )t lcm n p= ;  is the Kronecker product. 

Remark 2.1: When n p= ， A B AB=・ . Hence, the 

STP is a generalization of the standard matrix product. 

Throughout this paper the matrix product is assumed to 

be the STP. We mostly omit the symbol “・ ”hereinafter. 

Definition 2.2 ([4]): A swap matrix  ,m n
W  is a 

mn mn  logical matrix, which is defined as 

 ,
[1, 1,2 1, ,( 1) 1,

                 2, + 2,2 + 2, ,( -1) + 2,

                 , ,2 ,3 , , ].

mnm n
W m m n m

m m n m

m m m nm

= + + − +

     (2) 

Lemma 2.1([4]): Let mX  and nY  be two 

column vectors. Then 

 ,m n
W XY YX= ,  ,n m

W YX XY= .        (3) 

2.3. System model 

In this subsection we recall the formalism used in the 

paper.  

A nondeterministic DES is modeled as a NFA 

0( , , , , )mG X X X=  , where X  is the finite set of states, 

  is the finite set of events called alphabet or input 

symbols,
0X X is the set of initial states,

mX X is the 

set of marked states (or accepted states), : 2XX →

is the partial transition function( 2X
 denotes the power 

set of X ), which describes the system dynamics: given 

states ,x y X  and an event   , ( , )y x  means 

the execution of   from state x  takes the system to 

state y . Note that ( , )x  is undefined when the event σ 

cannot be executed from the state x . ( , )!x  denotes 

( , )x   is well-defined. Obviously, the transition 

function can be extended to *: 2XX  → in terms of

1 2
( , ) : ( ( ( ( , ), ) ), )j j jtx e x e e e    = ,where

1 2

*

tj j je e e e=  ,

* denotes the set of finite strings on the alphabet  , 

including the empty string・ . The objective of this paper 

is to investigate the controlled NFA. In this regard, the 

event set   can be partitioned into two disjoint subsets, 

i.e.,
c uc =  , where

c denotes the set of controllable 

events, 
uc  denotes the set of uncontrollable events. We 

here assume that all events in Σ are observable.  

In general, we wish to adjoin a supervisor or a 

controller S  to interact with G  in a feedback manner. 

More precisely, the transition function of G  can be 

controlled by S  in the sense that the controllable events 

of G  can be dynamically enabled or disabled by S  

after each transition. Formally, a state-feedback 

supervisor, denoted by S , is a function : 2 cS X →  

that determines the set of events ( ) cS x  to be disabled 

at each state x X , while events not belonging to the set 

( )S x  remain enabled at state x . The controlled system 

(or called supervised system) consisting of G  and S , 

denoted by /S G , is another nondeterministic finite 

automation given as 

0/ ( , , , , ),S mS G X X X=            (4) 

where X ,  , 
0X  and 

mX  are as defined above, 
S  

is the partial transition function of /S G , i.e.,  

( , ),    ( )
( , )

undefined,  otherwise               
S

x if x and S x
x

  ( ) 
  = 


 (5) 

We use the notation ( )xH  to denote the set of feasible 

events of G  at state x . Thus supervisor S  is called 

permissible if for all x X , ( ) ( ) cS x x H . Note 

that it is not difficult to see that NFA can be viewed as 

special case of controlled NFA with ( )S x =  for all

x X . The controlled NFA /S G  is depicted in Fig. 1. 

 

Fig. 1. The controlled NFA /S G  

3. Matrix-Based Expression of Controlled NFA 

In order to obtain the matrix expression of the 

dynamics of controlled NFA, let us first give an 

equivalent description of the controlled system (4). For 

the NFA G , we define a control pattern as a Boolean 

function: : {0,1}c  →  and we use the notation 

{0,1} c =  to denote the set of all Boolean functions on 

c .   is interpreted as follows: for any 
c , 

( ) 1  = means that the control pattern   allows σ to 

happen, while ( ) 0  =  means that the control pattern 

  refuse   to happen. Note that it is convenient to 

extend each    to a function : {0,1} →  by 

defining ( ) 1  =  for each uncontrollable event
uc . 

Further, we define a partial function of the form 

:f X → , called the state-feedback control function or 

state-feedback for short, that maps each state x  in X  

into control pattern  , i.e., ( ) ( )( )f x  =  .Thus the 

controlled NFA consisting of the state-feedback f , 

control pattern   and NFA G  is described as 

0( , , , , ),f f

mG X X X =             (6) 
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where X ,  ,
0X and

mX are as defined above; f

 denotes 

the partial transition function of fG ,which is defined as 

( , ),  if ( , )! and ( )( ) 1
( , )

undefined, otherwise.                   

f
x x f x

x

     =
  = 


  (7) 

Similarly, the state-feedback f is called permissible if 

for all x X , ( ) ucx H , we have ( )( ) 1f x  = . 

There is a bijective correspondence between the 

state-feedback f  and the state-feedback supervisor S , 

i.e., x X   and ( ) cx H , ( )( ) 1f x  =  (resp., 

( )( ) 0f x  = ) if and only if ( )S x (resp., ( )S x ). In 

this regard, we will use for simplicity the controlled 

system (6) instead of system (4) to present our results. 

Our objective, in this section, is to model the controlled 

NFA in the framework of the STP of matrices. 

Let us consider the controlled NFA(6), we assume 

that the set of states is  1 2, , , nX x x x= , and the set of 

events is  1 2, , , me e e = .To obtain the dynamics of (6), 

identifying (1 )i

i nx i n   , (1 )j

j me j m   , we call 

i

n and j

m  the vector forms of 
ix  and 

je , respectively. 

Thus the state set X  and event set   can be identified 

with
n and

m , respectively, where  1 2, , , n

n n n n =     

and  1 2, , , m

m m m m =    . Therefore, ( , )f

s c t jx x e  can 

be expressed equivalently as ( )s f t j

n c n m    , where f

c  

represents the partial transition function of fG  defined 

in (7). For brevity, we use the notation 
ijr  to denote the 

state-feedback ( )( )i jf x e , i.e., ( )( )ij i jr f x e= where 

ix X  and 
j ce   are the state and controllable event 

of controlled NFA(6), respectively. 

For event (1 )je j m  , we define a n n matrix
jF as 

( , )

 1,  if ( , )

,  if ( , )

0,  otherwise                                 

s f t j j

n n m m j uc

s t j j

j s t tj n n m m j c

e

F r e


      


=      

 ，

  (8) 

where 
jF  is called transition structure matrix w.r.t. 

event 
je . Thus, the transition structure matrix (TSM) of 

controlled NFA (6) is defined as  

 1 2, , , mF F F F= ,             (9) 

where F  is a n × mn symbol matrix. 

Based on the above representations and the STP of 

matrices, we can obtain the following result on the matrix 

expression of dynamics of controlled NFA (6).  

Theorem 3.1: Given a controlled NFA (6), the 

dynamics of (6) can be equivalently described as 

( 1) ( ) ( )x t Fu t x t+ = ,           (10) 

where F is the TSM of system (6), which is defined in (9); 

1 2( ) ( ( ), ( ), , ( ))T

nx t x t x t x t= is the vector form of state at 

step t , ( )ix t denotes the number of different paths from 

the set of initial states to the state i

i nx =   with a feasible 

event string of length 1t − ; ( ) mu t   is vector form of 

event at step t . 

Let us assume (10) holds when 1t p= − , i.e., 

( ) ( 1) ( 1)x p Fu p x p= − − . And let ( ) k

mu p =   for any 

1 k m  . Then 

1

(1, ) ( , )

1 1

( ) ( ) ( ( ), , ( ))

                  ( ( ), , ( )) .

T

k n

n n
T

k i i k n i i

i i

Fu p x p F x p x p

F x p F x p
= =

=

=  
 

Using (8), one has  

( , ) ( , )

1

( )= ( ),1 ,
j

n

k j i i k j i i

i i

F x p F x p j n
= 

    

where { |1 , ( , )}j f i k

j n n mi i n  =       .From the above 

assumption, we know that ( )ix p  stands for the number 

of different paths from the initial state 0(1) i

nx =   to state 

i

n  with a feasible string of length 1p− , then 

( , ) ( )
j

k j i i

i

F x p


  represents the sum of the number of 

different paths by which the initial state set 
1

(1)
l

i

nx 

=

=   

can reach state i

n  with a feasible string of length 1p− , 

and i

n  can reach j

n  with the event ( ) k

mu p =  . 

Consequently, we define 
( , )( 1) : ( )

j

j k j i i

i

x p F x p


+ = , 

which implies ( 1) ( ) ( )x p Fu p x p+ = . By mathematical 

induction, the proof is completed. 

By Theorem 3.1, we know readily that verifying 

whether or not any two states of controlled NFA (6) are 

reachable can be determined by both the transition 

function   defined in G  and the state-feedback f . 

In particular, when the state-feedback f  is known, the 

matrix F  becomes a constant matrix. More concretely, 
F  is a generalised logical matrix. In this case, we 

replace F  with cF . Therefore, by Theorem 3.1, we 

have the following result. 

Corollary 3.1: Given a controlled NFA (6) in which 

the state-feedback f is known, the dynamics of (6) can be  

equivalently described by the following equation 

( 1) ( ) ( )cx t F u t x t+ = ,          (11) 

where ( )x t  and ( )u t  have the same interpretation 

as in Theorem 3.1; cF  is the TSM of (6), which is 

represented as 
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1 2, , , ,c c c

c m n mnF F F F 
 =   L       (12) 

where the n n  matrix c

jF  is defined as  

( , )

1,   if ( , )

0,   otherwise.          

s f t j
c n n m
j s tF 

    
= 


        (13) 

Remark 3.1: It should be pointed out that our approach 

are also suitable for the controlled deterministic DESs in 

the sense that deterministic DESs can be viewed as 

special case of nondeterministic DESs. In particular, 

when the controlled DES (6) is deterministic, i.e., 

0 1X =  and ( , ) 1x    for all x X  and  , 

the state that is reachable from initial state with a feasible 

event string 
1

*

1

t

jk

k

e e
−

=

=   is unique, which means that 

there exists only one 1 i n   such that ( ) 1ix t =  in 

(11). Namely, ( ) nx t  . In contrast, if there is no a state 

that is reachable from initial state with 
1

*

1

t

jk

k

e e
−

=

=  , 

then we have 0( ) nx t =  . 

4. Reachability of Controlled NFA 

4.1. Reachability verification 

We, in this subsection, verify the reachability property 

of controlled NFA (6) by means of equation (11). We first 

give the following lemma, which is crucial to find all 

paths from the set of initial states to any target state for 

the controlled NFA (6). 

Lemma 4.1 ([5]): Let 
1 21

i

i t

jt l

i m m m m=  = ・ , then the 

formulas 
1 2i t

ij

m i

l

m m mS  = ・ , 1,2, ,i t= hold, where 

1 2

2 3 2 3

2

1 1

2 1

2

1

2

1

1 ,

[ 1 , , 1 ],

                   

[ 1 , , 1 ],

[ , , ].

t

t t

t t t t

t

t t

t

m m m

m m m m m m

m

t m m m m

m m

t m m

m m

S I

S I I

S I I

S I I

− −

−

 

   

−

 

 

= 


=  





=  



=



       (14) 

To present the main results on reachability of the 

controlled NFA (6), we for brevity need to introduce the 

following notation: let 
1 2( , , , )T

na a a =  be a 

nonnegative column vector of dimension n , we define 

( ) : { | 0,1 }k

n ka k n =     . For instance, let 

(1,2,0,3)T = , then 1 2 4

4 4 4( ) { } =    . 

Theorem 4.1: Given a controlled NFA (6) with its 

dynamics (11), let 1 2

0 { , , , }lii i

n n nX =     and * q

nx =   be 

the set of initial states and target state of (6), respectively. 

Then 

1) * q

nx =   is reachable from 0X  in t  steps if and 

only if there exists a positive integer (1 )tk k m   such 

that 

 ,
( (( ) (1))),q t

n k c n m
Col F W x        (15) 

where (1)x  represents the vector form of the initial state 

set 0X , i.e., 
1

(1)
l

i

nx 

=

=  . 

2) Assume that 
0( )q

tL X  denotes the set consisting of 

all event strings of length t  by which the initial state set 

0X  can reach * q

nx =   in t  steps, then 

1 1

1 1

*

0( ) { there is  of satisfying

                (15) such that },    

t

t
t

q

t k k k

k

k k km

L X e e e e k

e e e

= = 

 =
(16) 

where the feasible event string of 
1 1 tk k ke e e e=  can be  

easily obtained from the formula 
1 1

t
t

k

k k km
e e e =  in 

terms of Lemma 4.1. 

Proof: we here omit the proof of Lemma 4.1. 

From (11), we have 

 

 

 

 

,

2

,

, 1

,

( 1) ( ) ( )

           ( ) ( )

           (

.

) ( 1) ( 1) ( )

            

           ( ) (1) (1) (2) ( )

           (( ) (1) ( ))

c

c n m

c n m

t

c n m

t

c j

t

n m

x t F u t x t

F W

u

x t u t

F W x t u t u t

F W x u u

j

u t

F W x =

+ =

=

= − −

=

= ・

    (17) 

Note that the following corollary gives a criterion to 

verify whether any two states of a controlled NFA are 

reachable or not. Also, an effective approach of finding 

all paths of any two reachable states is provided. 

Corollary 4.1: Given a controlled NFA (6) with its 

dynamics (11), let p

p nx =   and q q

nx =   be any two 

states of (6). Then 

1) q q

nx =   is reachable from p

p nx =   in t  steps if 

and only if there exists a positive integer (1 )tk k m   

such that  

 ,
( (( ) ))q t p

n k c nn m
Col F W   .         (18) 

2) Let ( )q

tL p  be the set consisting of all event strings 

of length t  by which p

p nx =   can reach q q

nx =   in t  

steps, then  
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1 1

1 1

*( ) { | there exist  of satisfying 

              (18) such that },               (19)

t

t
t

q

t k k k

k

k k km

L p e e e e k

e e e

= = 

 =

where the event string 
1 1 tk k ke e e e=  can be obtained 

from 
1 1

t
t

k

k k km
e e e =  in terms of Lemma 4.1.  

Proof: Obviously, here we omit its proof. 

Remark 4.1: From Corollary 4.1, we readily know that 

if the controlled NFA (6) is deterministic, then the 

number of different paths from state p

p nx =   to q q

nx =   

in t  steps coincide with the number of k  satisfying 

(18). In contrast, when the controlled NFA (6) is 

nondeterministic, we for convenience assume that 

 ,
1

1 2, , ,( ) : (( ) )

tm
T t p

j c nn m
j

n Col FW  
=

 = =  . Then the 

number of different paths from p

p nx =   to q q

nx =   in 

t  steps is equal to 
q . 

4.2. Comparison with the existing approaches 

There are several papers addressing modeling and 

reachability analysis in DESs in terms of the algebraic 

state-space approaches, see, e.g., [3] and [6]. Among 

them, [3] investigated matrix expression and reachability 

verification of finite automata in which all events are 

controllable and the cardinality of the set of initial states 

equals 1. We know that the controlled DESs have more 

complex structures and dynamics than the uncontrolled 

DESs as an external control input is allowed to intervene 

the behaviors of original systems. Again, they did not 

consider to adjoin a supervisor to interact with an original 

system. These restrictions significantly simplify the 

behavior of the system. Obviously, their approaches are 

different completely from the approach using in this 

paper since we do not make the above-mentioned these 

restrictions.  

[6] is most closely related to our work, but there are 

some fatal errors therein. Concretely, the authors asserted 

that they presented a sufficient and necessary condition to 

verify whether or not any two states of a controlled DES 

are reachable (see, e.g., Theorem 2 in [6]). Also, an 

algorithm was designed to find all paths from one state to 

another one if they are reachable (see, e.g., Algorithm 1). 

These results were obtained from Corollary 1 in [6]. It 

should be pointed out that, however, Corollary 1 

addressed the problem of which states are reachable from 

a given state and a given input string of length t for a 

controlled DES, which means a contradiction with the 

previous assertion. Furthermore, the state-feedback 

control specification was defined as :f X →  in [6]. In 

this regard, 1( )( )( )t

j j

i

nr F u jf +=  粐 is undefined in 

(11) of [6] since ( )i

n

tF u j粐  is not necessarily the 

vector form of a state for a controlled nondeterministic 

system, which means that equation (11) in [6] is incorrect. 

We refer the reader to [6] for the interpretations of these 

notations. As a part of our work, these errors presented in 

[6] were corrected and the interesting issues mentioned in 

[6] were discussed systematically in a more generalized 

DES.  

5. Illustrative Example 

In this section, we use an example to illustrate the 

proposed results. 

Example 5.1 : Let us consider the uncontrolled NFA,

0( , , , , )mG X X X=    depicted in Fig. 2, where 

2 3{ , }c e e = , 1 4{ , }uc e e = , 0 1 4{ , }X e e= , 5{ }mX x= . 

The state-feedback supervisor S  is given as 

3 2 3( ) { , }S x e e= . 

 
Fig. 2. An uncontrolled NFA. 

We now verify the state reachability of the controlled 

system /S G  consisting of the uncontrolled NFA G  

shown in Fig.2 and the state-feedback supervisor S .  

By Corollary 3.1, the dynamics of the uncontrolled 

system /S G  can be expressed as 

( 1) ( ) ( ),cx t F u t x t+ =           (20) 

where 
1,4

(1) j

n

j

x
=

=  , 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

   0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 1 0

cF

 
 

=  
 
 

. 

When 1t = , we have 

1 [5,4]( (1)) (0,1,0,0,0) ,T

cCol FW x =  

4 [5,4]( (1)) (0,0,0,0,1) ,T

cCol FW x =  

[5,4]( (1)) (0,0,0,0,0) , 2,3.T

j cCol FW x j= =  

By applying Theorem 4.1, states 2x  and 5x  are 

reachable from the set of initial states 0X  in 1 step, and 

the corresponding event strings of length 1 are 1e e=  

and 4e e= , respectively. Specifically, we have 
1

1 2

e

x x→ ; 

4

4 5

e

x x→ . 
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When 2t = , we have 
2

2 [5,4](( ) (1)) (0,0,1,1,0) ,T

cCol FW x =  

2

3 [5,4](( ) (1)) (0,0,0,1,0) ,T

cCol FW x =  

2

14 [5,4](( ) (1)) (0,0,0,0,1) .T

cCol FW x =  

with all the other columns equal to 
0

5 . By Theorem 4.1, 

states 3x , 4x  and 5x  are reachable from 0X  in 2 

steps, and the corresponding event string of length 2 are 
2 1 2

16 4 4e =  =   , 
2 1 2

16 4 4e =  =    or 
3 1 3

16 4 4e =  =   , and 

14 4 2

16 4 4e =  =   , respectively. Specifically, we have 

1 2

1 2 3

e e

x x x→ → ; 
1 2

1 2 4

e e

x x x→ →  or 
31

1 2 4

ee

x x x→ → ; and 

4 2

4 5 5

e e

x x x→ → . 

When 3t = , we have 
3

5 [5,4](( ) (1)) (0,0,0,1,0) ,T

cCol FW x =  

3

8 [5,4](( ) (1)) (0,0,0,0,2) ,T

cCol FW x =  

3

12 [5,4](( ) (1)) (0,0,0,0,1) ,T

cCol FW x =  

3

54 [5,4](( ) (1)) (0,0,0,0,1)T

cCol FW x =  

with all the other columns equal to 
0

5 . Using Theorem 

4.1, states 4x  and 5x  are reachable from 0X  in 3 

steps, and the corresponding event string of length 3 are 
5 1 2 1

64 4 4 4e =  =    , 
8 1 2 4

64 4 4 4e =  =     or 
12 1 3 4

64 4 4 4e =  =    , 

and 
54 4 2 2

64 4 4 4e =  =    , respectively. Specifically, we have 

1 2 1

1 2 3 4

e e e

x x x x→ → → ; 
1 2 1

1 2 3 5

e e e

x x x x→ → → ; 

1 2 4

1 2 4 5

e e e

x x x x→ → → , 
31 4

1 2 4 5

ee e

x x x x→ → → ; 

4 2 2

4 5 5 5

e e e

x x x x→ → → . 

The cases of 4t   are similar to 1,2,3t = , the details 

are omitted here for space limitations. 

6. Conclusion 

In this paper, we proposed a new framework that is 

matrix-based form to model the dynamics of controlled 

NFA. Using it, we investigated the verifications of 

reachability property of controlled NFA. Also, the criteria 

of verifying this property was presented in terms of the 

methodology described in this paper.  

Future work will concentrate on investigating the 

problem of synthesizing property-enforcing supervisor for 

controlled nondeterministic DESs by means of the 

proposed theoretical framework. 
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