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Abstract 

Many types of spherical robots use friction-drive systems for locomotion because such systems enable omnidirectional 

movement and are more capable of climbing steps than mobile robots equipped with multiple omni-wheels. Slipping 

between spheres and rollers is a remarkable issue with friction-driven mechanisms. However, the previously established 

sphere kinematic models do not consider slipping, and kinematic models consider slipping in only two constraint rollers. 

In this study, we propose a mathematical model that allows for slipping on three constraint rollers and simulate the 

angular velocity vector of the sphere and slip speed at each contact point. 

 

 Keywords: Angular velocity vector of the sphere, Motion analysis of the sphere, Slip velocity of the sphere 

1. Introduction 

A sphere is one of the main shapes of a robot. It is 

used not only as a multifingered fingertip mechanism 

for hand robots but also as an actuator transmission 

mechanism for omnidirectional movement and drive 

in mobile robots. Spheres are also used as driving  

rollers for omnidirectional movement mechanisms, 

 
 

with various arrangements and sphere structures 

depending on the application of the movement 

mechanism. Figure 1 shows the roller contact type 

for the number of actuators (𝑵𝑹) per sphere. 

In the case of 𝑁𝑅 = 2, ACROBAT-S [1], wheel chair 

[2] have sphere kinematics (Figures 1(a) and (b)). The 

omnidirectional condition is that the rollers are arranged 
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on the equator of the sphere[3]. Furthermore, the 

angular velocity vector of the sphere has two degrees of 

freedom. Theoretically, it is considered in [4].  

 

 
 

Figure 1  Type of roller arrangement for sphere mobile robot 

 

As shown in Figure 1(c), the ball-holding 

mechanism [5] is designed to transport the ball. All 

robots in the RoboCup middle-size league (MSL) use a 

ball-dribbling mechanism to control the rotation of 

the ball, which is implemented with two rollers on the 

upper half of the ball. Most designs employ slip-

roller arrangements, which are determined 

heuristically in experiments in the absence of suitable 

mathematical models because of their strong friction 

force and enhanced ball-holding ability. Here, the 

roller is arranged in the upper hemisphere with a slip 

at the contact point between the roller and the sphere. 

In a previous study, we used two constraint rollers 

that allow for slipping to derive a mathematical model 

of sphere rotational motion [6]. This model is included 

in the kinematics of [4]. Furthermore, we employed 

experiment [7] to validate the model of [6]. 
In the case of 𝑁𝑅 = 3 , omnidirectional wheeled 

mobile platform (OWMP) [8] has three constraint rollers 

and a ball-balanced robot [9] has three unconstraint 

rollers (Figures 1(d)). The sphere rotational dimensions 

are different because of the roller structure. Each 

constrained roller has less rotational diversity than 

the unconstrained rollers. However, the holding force 

is stronger than that of the unconstrained roller. The 

stability of the sphere is higher in the case of three 

rollers than in the case of two rollers. 

OWMP [8] is kinematic with a roller arrangement 

restricted to the equator; we extend this to an 

arbitrary arrangement discussion. 

 In this study, we modify the previously developed 

kinematic model [6] in the case of three constraint 

rollers and present a mathematical model of sphere 

rotational motion.  

 

 

(a) 

 

(b) 

Figure 2   (a). Roller axis vector 𝜼𝒊 at contact point  𝑷𝒊  on the 

sphere.  (b). The existence of sphere angler velocity vector i 

 

2. The sphere forward kinematics by three 

constraint rollers 

In this section, we derive the angular velocity 

vector of the sphere to geometrically model. 

2.1 The existence of angular velocity vector of the  

    Sphere 

As shown in Figure 2(a), the center 𝑶  of a sphere 

with radius r is fixed as the origin of the coordinate 

system 𝛴 − 𝑥𝑦𝑧. The i-th constraint roller have mass 𝑹𝒊  

and contact point 𝑷𝒊 with respect to sphere. 

𝜼𝒊 denotes the unit vector along the rotational axis 

of the constraint roller. it has a starting point at  𝑹𝒊 (𝑶, 

 𝑷𝒊 and  𝑹𝒊 are on the same line).  𝝎 denotes the angular 

velocity vector of the sphere. 𝜈𝑖  denotes the peripheral 

speed of the constraint roller. The velocity vector of 

the sphere 𝓥𝒊
𝑺 at 𝑷𝒊 can be represented as 𝓥𝒊

𝑺 = 𝝎 × 𝑷𝑖. 

And 𝓥𝒊
𝑹  denotes velocity vector of the roller. 𝒆𝒊  ∈

𝐬𝐩𝐚𝐧{𝑷𝒊,  𝜼𝒊}  denotes unit normal vector along 𝓥𝒊
𝑹 .  

𝒆𝒊  and 𝓥𝒊
𝑹  are satisfy  𝜈𝑖 = 〈 𝓥𝒊

𝑹, 𝒆𝒊 〉  ( 𝓥𝒊
𝑺 = 𝓥𝒊

𝑹 : 

nonslip condition) Thus, 𝝎 can be satisfied as follow. 

〈 𝜼𝒊 , 𝝎 〉 = −
𝜈𝑖

𝑟
 (1)  

𝝎 must be on 𝐬𝐩𝐚𝐧{𝜼𝒊, 𝑷𝒊} and can be represented as 

a  following line 𝑙𝑖(𝜈𝑖) that is parallel to 𝑷𝑖 and passes 

through the end point of −(𝜈𝑖/𝑟)𝜼𝑖. 

𝑙𝑖(𝜈𝑖) = {𝝎| (−
𝜈𝑖

𝑟
) 𝜼𝑖 + 𝑡(1/𝑟)𝑷𝑖 , 𝑡 ∈ ℝ} (2)  

 𝑹𝒊 is located along the plane 𝜋𝑖 parallel to the tangent 

plane of the sphere at  𝑷𝒊 (polar coordinate). We put 

vectors as normal orthogonal base {𝑿𝒊,  𝒀𝒊} on 𝜋𝑖 at start 

point 𝑹𝒊. Thus,  𝜼𝒊 is linear combination of Eq. (6) and 

rotates counterclockwise with respect to 𝜓𝑖 . 

 𝜼𝒊 = [ 𝑿𝒊 cos 𝜓𝑖 +  𝒀𝒊sin 𝜓𝑖] (3)  

Where 
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 𝑿𝒊 = [

− sin 𝜃1,𝑖

cos 𝜃1,𝑖

0

],  𝒀𝒊 = [

− sin 𝜃2,𝑖 cos 𝜃1,𝑖

− sin 𝜃2,𝑖 sin 𝜃1,𝑖

cos 𝜃2,𝑖

] (4)  

 

2.2  Calculation of Optimal point in sum of the squared 

distances 

we calculate the optimal point 𝑸𝒐  = (𝑥0 , 𝑦0 , 𝑧0 )(∈
ℝ3) , which is determined such that the sum of the 

squared distances between 𝑸 = (𝑥, 𝑦, 𝑧)(∈ ℝ3)  and 

𝑙𝑖(𝜈𝑖)(𝑖 = 1, 2, 3) is minimized. 

As shown in Figure 2(b), the distances between 𝑸 and 

𝑙𝑖(𝜈𝑖) in each line 𝑙𝑖(𝜈𝑖) is represented. Therefore, the 

sum of the squared distances is represented as follow: 

𝐿(𝑥, 𝑦, 𝑧) =  𝑑1
2
+ 𝑑2

2
+ 𝑑3

2
 (5)  

where 

 𝑑𝑖 = ‖(−
𝜈𝑖

𝑟
) 𝜼𝑖 +

〈𝑷𝒊, 𝑸〉

𝑟2
𝑷𝑖 − 𝑸‖ (6)  

(𝑥, 𝑦, 𝑧) = (𝑥0 , 𝑦0 , 𝑧0 )  such that 𝐿(𝑥, 𝑦, 𝑧)  is minimal 

value  is satisfy as following.  

𝑧0 = −
𝐸9

2𝐸3

, 𝑦0 =
𝐷5𝐸9 − 2𝐷8𝐸3

4𝐷2𝐸3

 

𝑥0 =
1

8𝐶1𝐷2𝐸3

(−𝐶4𝐷5𝐸9 + 2𝐶4𝐷8𝐸3

+ 2𝐶6𝐷2𝐸9 − 4𝐷2𝐸3𝐶7) 

(7)  

Where 

𝐸3 = 𝐷3 −
𝐷5

2

4𝐷2

, 𝐸9 = 𝐷9 −
𝐷5𝐷8

2𝐷2

, 𝐸10 = 𝐷10 −
𝐷8

2

4𝐷2

 

 (8)  

Where 

𝐷2 = 𝐶2 −
𝐶4

2

4𝐶1

, 𝐷3 = 𝐶3 −
𝐶6

2

4𝐶1

, 𝐷5 = 𝐶5 −
𝐶4𝐶6

2𝐶1

 

𝐷8 = 𝐶8 −
𝐶4𝐶7

2𝐶1

, 𝐷9 = 𝐶9 −
𝐶6𝐶7

2𝐶1

, 𝐷10 = 𝐶10 −
𝐶7

2

4𝐶1

 

 (9)  

Where 

𝐶10 = 𝐿(0,0,0) 

𝐶1 =
1

2
(𝐿(1,0,0) + 𝐿(−1,0,0) − 2𝐿(0,0,0)) 

𝐶2 =
1

2
(𝐿(0,1,0) + 𝐿(0, −1,0) − 2𝐿(0,0,0)) 

𝐶3 =
1

2
(𝐿(0,0,1) + 𝐿(0,0, −1) − 2𝐿(0,0,0)) 

𝐶7 =
1

2
(𝐿(1,0,0) − 𝐿(−1,0,0)) 

𝐶8 =
1

2
(𝐿(0,1,0) − 𝐿(0, −1,0)) 

𝐶9 =
1

2
(𝐿(0,0,1) − 𝐿(0,0, −1)) 

𝐶4 =
1

4
(𝐿(1,1,0) − 𝐿(−1,1,0) − 𝐿(1, −1,0)

+ 𝐿(−1, −1,0)) 

𝐶5 =
1

4
(𝐿(0,1,1) − 𝐿(0, −1,1) − 𝐿(0,1, −1)

+ 𝐿(0, −1, −1)) 

𝐶6 =
1

4
(𝐿(1,0,1) − 𝐿(1,0, −1) − 𝐿(−1,0,1)

+ 𝐿(−1,0, −1)) 

(10)  

3. Simulation 

This section presents the simulation results, including 

the trajectory of the endpoint of the angler velocity vector 

𝝎𝑘 and slip speed of sphere and roller ‖𝜻𝒌‖  in k-th 

pattern of roller arrangement (𝑘 = 1,2,3,4) in the case 

in which a regular triangle ( 𝜃1,1 , 𝜃1,2 , 𝜃1,3 ) =

(30°, 150°, 270°)and 𝜓𝑖 = 0°(𝑖 = 1,2,3,4). The patterns 

are set up by  𝜃2,𝑖 (𝑖 = 1,2,3,4) as follows: Pattern I (𝑘 =

1, 𝜃2,𝑖 = 0°), Pattern Ⅱ (𝑘 = 2, 𝜃2,𝑖 = 10°), Pattern Ⅲ 

(𝑘 = 3, 𝜃2,𝑖 = 20°), Pattern Ⅳ (𝑘 = 4, 𝜃2,𝑖 = 30°). 

As input, we define function 𝜈1(𝜑) = sin(𝜑 +

240°),𝜈2(𝜑) = sin(𝜑 + 120°) and𝜈3(𝜑) = sin 𝜑.  

 

 

 

 

 

 

 

 

 

 

 

(a) 

 

 

 

 

 

 

 

 

 

   

 

(b) 

Figure 3   Simulation and comparisons in k-th pattern of roller arrangement (𝑘 = 1,2,3,4) (a). Trajectory of end point of 

angular velocity vector 𝝎𝑘 (b). Slip speed of sphere and roller ‖𝜻𝟏,𝒌‖, ‖𝜻𝟐,𝒌‖, ‖𝜻𝟑,𝒌‖.  
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As output, 𝝎𝑘 and ‖𝜻𝒌‖  (𝑘 = 1,2,3,4) were indicated, 

such as Pattern I [𝑘 = 1; green curve], Pattern Ⅱ [𝑘 = 2; 

red curve], Pattern Ⅲ [𝑘 = 3; blue curve], and Pattern IV 

[𝑘 = 4; violet curve] (Figure 3).  

As shown in Figure 3(a), 𝝎𝑘  (𝑘 = 1,2,3,4) draws 

circle trajectories and gets a small radius in turn. 

As shown in Figure 3(b), duo to Pattern I (nonslip 

case), ‖𝜻𝟏,𝟏‖ , ‖𝜻𝟐,𝟏‖,  and  ‖𝜻𝟑,𝟏‖ = 0  [m/s]. ‖𝜻𝟏,𝒌‖ , 

‖𝜻𝟐,𝒌‖, ‖𝜻𝟑,𝒌‖ have minimal values of 0.03, 0.10, and 0.19 

[m/s] and maximal values of 0.16, 0.30, and 0.40 [m/s], 

respectively. 
 

4. Conclusion 

In this study, we considered the existence of an 

angular velocity vector for the sphere and proposed a 

sphere forward kinematics model that allows for 

slipping. Furthermore, we demonstrated the trajectory 

of the endpoint of the angler velocity vector and behavior 

of slip speed. and obtained maximal and minimal values.  

In future research, this model will be verified 

experimentally. It could also be applied to a mobile robot. 
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