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Abstract 

Hough transform is a well-known algorithm to detect arbitrary lines in the image. The algorithm consists of two 

steps, mapping image edges to parameter space and voting to find a solution. The first step is executed in the 

continuous space, while the second relies on counting votes in discrete mesh, which increases susceptibility to noise. 

In the present study, we propose attractor dynamics in coupled nonlinear oscillators instead of discrete voting. In our 

computer experiment, image pixels were mapped to the parameter spaces and attracted to the crossing point of lines 

in the space. This approach may contribute to line detections in the image and other shape detections using a consistent 

mathematical formulation. 
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1. Introduction 

The line detection from image data has the greatest need 

in computer vision [1][2][3], as the primitive component 

to form objects in the image [4]. The Hough Transform 

(HT) is the most frequent method to solve the problem, 

and the idea of the method is mathematically reasonable 

for the detection to project multiple line elements to the 

parametric space for generating a unique concentrating 

point. The projection of image data is treated between 

continuous spaces as Cartesian and polar coordinate 

systems; however, the finding of the concentration point 

is executed in a voting procedure in the discrete grids. In 

the comparison with the former process, the latter voting 

procedure causes a trade-off problem as the resolution-

dependent noise removal effect. Apparently, high-

resolution grids require a high computational cost.   In the 

drawback of the method, another solution is expected to 

replace the latter procedure by using a mathematical 

treatment in the continuous space dynamics. Interestingly, 

convergence dynamics is known in the nonlinear 

dynamics, especially in attractor dynamics. According to 

the description of ordinary differential equations, those 

dynamics can be reconstructed in the computer 

experiment based on the numerical integration method, 

for instance, Euler method and Runge-Kutta method. If 

the dual space projection in HT and a natural 

convergence of moving points to represent a single line 

based on the nonlinear dynamics can be integrated, it 

provides a new method to solve the drawback of the 

original HT.  
In the present paper, we focused on the mathematical 

solution of the straight-line detection, which can be 

derived from nonlinear oscillator dynamics providing 

synchronization phenomena in a limit cycle as well as the 

projection space of HT. If it is possible, moving points 

are concentrating automatically to detect the crossing 

points of lines in the projection space. Thus, the voting 

procedure is no longer necessary. In the section 2, the 

projection mechanism from Cartesian coordinate system 

to the polar coordinate system and its algorithm for 

computer experiments were reviewed, and a 

representative nonlinear oscillator dynamic was 

introduced for the replacement of the voting procedure in 

the section 3. In the section 4, the proposed system was 

formulated as the noise-robust line detection method, 

followed by results of the computer experiments in the 

section 5 and conclusion in the section 6. 
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2. Hough Transform Method 

The Hough Transform (HT) is a method used in image 

analysis to detect shapes in an image [5]. The technique 

was introduced by Paul Hough in 1962 and has since 

been used in a variety of applications [6][7][8]. HT works 

by transforming the coordinates of edge points in an 

image from Cartesian coordinates to a more compact 

representation in parameter space [9].  

 

 

𝜌 = 𝑥 cos(𝜃) + 𝑦 sin (𝜃) 
 

(1) 

Eq. (1) takes the coordinates of points in 𝑋𝑌 plane and 

projects into parameter space. Thus, every point in 𝑋𝑌 

plane becomes a sine wave. Intersection of these sine 

waves give length value 𝜌, angle value 𝜃, which is a line 

perpendicular to the line through edge points. This 

transformation is shown in Figure 1.  

To find intersection of edge points in Figure 1(b) HT 

method creates an accumulation array with 𝑅 × 𝑇  size 

consisting of zero values. 𝑅 is the number of rows for the 

𝜌 value, and 𝑇 is the number of columns for 𝜃 value. For 

each value 𝜃, the 𝜌 value for each point is calculated, and 

the closest 𝜌  value in the accumulation array is 

incremented by 1. This process is called the voting 

procedure of HT. After passing through all columns of 

the accumulation array, the cell with the highest point 

determines the characteristics of the perpendicular line. 

This transformation allows for the detection of shapes to 

be reduced to a peak detection problem in parameter 

space. 

 
One of the key advantages of the HT method is its 

simplicity, which allows for parallel processing of 

information. This makes the method robust to noise and 

allows for the detection of partially occluded or deformed 

shapes. Additionally, the method can be configured to 

detect a specific number of shapes in an image. 

However, the simplicity of the HT method becomes a 

disadvantage when trying to detect shapes other than 

straight lines. The number of calculations increases as the 

number of parameters needed to describe the shape 

increases [10][11]. For example, detecting a circle in an 

image would require a three-dimensional accumulation 

array for the center coordinates of the circle (𝑥, 𝑦) and its 

radius 𝑟 . Researchers have attempted to improve the 

efficiency of the HT method through software 

implementations [12][13][14][15], hardware 

acceleration [16], and the use of neural networks [17]. 

The use of an accumulation array in HT also presents 

challenges, as the size of the array needs to be fine-tuned 

for accurate detection. If the array is too small, the 

method loses accuracy, and if it is too large, the 

computation becomes expensive. Algorithm 1 describes 

the computer program algorithm for traditional HT. 

Algorithm 1. Classic HT for Line Detection 

Data: (𝑥, 𝑦) locations of edges in image space 

Result: (𝜌, 𝜃) values of a cell with maximum vote 

Initialization. Given number of rows 𝑅 for 𝜌 and number 

of columns 𝑇 for 𝜃, create accumulation array with zero 

values for 𝑁 number of edges in the image space. 

 

for 𝑖 = 1 to 𝑖𝑁 do 

    for 𝑡 = 1 to 𝑇 do 

        calculate 𝜌𝑖 = 𝑥𝑖 cos(𝜃) + 𝑦𝑖 sin(𝜃) 
        find closest 𝑅 row to 𝜌𝑖 
        increment cell value by 1 with location (𝑅, 𝑡) 
    endfor 

endfor 

As shown in Algorithm 1, HT only detects lines that 

are infinite in length. This is because the HT represents 

lines using their parameters, which do not include 

information about the length of the line. Thus, the HT 

cannot detect lines of finite length. 

 

3. Nonlinear Oscillator Dynamics 

3.1. Kuramoto model 

The Kuramoto model (KM) is a mathematical model 

used to study synchronization in oscillators [18]. It is 

commonly used in fields such as physics [19][20], 

biology [21], and chemistry, and has been applied in 

various contexts, including neurophysiology [22][23], 

distributed power generation [24][25], and secure 

communication [26][27]. In this paper, we propose to use 

the modified model of KM to classify edges in digital 

images based on their collinearity. 

The general form of the KM is defined by the following 

equation 

 

 

Fig. 1 Hough transformation. a) Representation of 

points (𝒙𝟏, 𝒚𝟏) and (𝒙𝟐, 𝒚𝟐), a line perpendicular to 

them with length 𝝆∗ and angle 𝜽∗ in image space. b) 

Transformed points as sine waves in parameter space.  
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𝜑̇𝑖 = ω𝑖 +
𝐾

𝑁
∑ sin(𝜃𝑗 − 𝜃𝑖)
𝑁
𝑗=1 . 

 

(2) 

Eq. (2) describes a system of 𝑁 limit-cycle oscillators 

with natural frequencies 𝜔𝑖 , phases 𝜃 , and coupling 

constant 𝐾. The coupling between oscillators is based on 

the sine of their phase differences, and the time variation 

of phases follows first-order dynamics.  

The use of the KM in image processing is rare because 

oscillators are dynamic objects, whereas edges in images 

are static. However, researchers in [28] have used it in 

color image segmentation, where they generated three 

oscillating curves corresponding to the pixel values of red, 

green, and blue for color images by a coupled network to 

produce superposition of oscillation for image pixels. 

Nevertheless, we propose to use the attractor dynamics 

of coupled nonlinear oscillators in the KM to transform 

edge locations from discrete to continuous space. This 

allows for the classification of edges in parameter space 

using the KM, that will eliminate the need for an 

accumulation array in the HT method. 

 

 

 

In order to understand how the KM can be used to detect 

lines in images, it is necessary to first analyze the 

behavior of simple systems. By studying their behavior, 

it will be possible to develop a model that can accurately 

classify edges in images based on their collinearity. 

3.2. Stability Analysis of two coupled Kuramoto 

oscillators 

Suppose that a system with two oscillators, 𝜑̇1 and 𝜑̇2, 

is given and behaves according to 

 

{
𝜑̇1 = 0

𝜑̇2 = 𝐾 sin(𝜑2 − 𝜑1)
 

 

(3) 

and subject to initial conditions 𝜑𝑖(0) = 𝜑𝑖
0, where 𝜑 is 

the phase of the 𝑖th oscillator, 𝐾 is the coupling strength.  

For simplification, we assumed 𝜑̇1 = 0  in all cases, 

while concentrating on the dynamics of the second 

oscillator with initial values 𝜑2
(𝑛) = [0, 𝜋/2, −𝜋/

2, 𝜋], 𝑛 = 1…4, as shown in Figure 2.  

We now give the definition of phase synchronization. 

Definition 1. Let {𝝋𝒊(𝒕)}𝒊=𝟏
𝟐  be solution of our system. 

We say the oscillators converge to phase synchronization 

if  

 

lim
𝑡→∞

|𝜑𝑖(𝑡) − 𝜑𝑗(𝑡)| = 0,   for 𝑖 ≠ 𝑗. 

 

(4) 

Let’s see the behavior of our system given by Eq. (3) 

with different initial conditions 

Example 1. 𝜑1(0), 𝜑2(0) = 0 

It is easy to see that the corresponding solution is 

𝜑1(𝑡) = 0  and 𝜑2(𝑡) = 0 . Hence there is phase 

synchronization. 

Example 2. 𝜑1(0) = 0, 𝜑2(0) =
𝜋

2
, 𝐾 > 0 

 

𝜑2(𝑡) = 𝐾 sin (
𝜋

2
− 0) 

= 𝐾 sin (
𝜋

2
) 

= 𝐾 

 

(5) 

Since 𝐾 > 0, 𝜑̇2(𝑡) → 𝜋  the second oscillator 

converges to the anti-phase. 

Example 3. 𝜑1(0) = 0, 𝜑2(0) = −
𝜋

2
, 𝐾 > 0 

 

𝜑2(𝑡) = 𝐾 sin (−
𝜋

2
− 0) 

= 𝐾 sin (−
𝜋

2
) 

= −𝐾. 
 

(6) 

 

Fig. 2 Interaction between two nonlinear oscillators 

𝝋𝟏and 𝝋𝟐. a) Initial positions. Behavior of the second 

oscillator b) 𝑲 > 𝟎  c) 𝑲 < 𝟎 . Black dot represents 

stable point, white dot represents unstable point. 
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Since  𝜑̇2(𝑡) < 0, 𝜑̇1(𝑡) → −𝜋  the second oscillator 

converges to the anti-phase as well. 

Example 4. 𝜑1(0) = 0, 𝜑2(0) = 𝜋, 𝐾 > 0 

 

𝜑2(𝑡) = 𝐾 sin(𝜋 − 0) 
= 𝐾 sin(𝜋) 
= 0 

 

(7) 

With the initial position for 𝜑2(0) = 𝜋 and 𝜑2(𝑡) = 0, 

the second oscillator started at the anti-phase stable point 

of 𝜋 and do not move as 𝑡 → ∞. 

Even though two oscillators do converge in Example 1, 

the 0 point is unstable as shown in Examples 2-4. 

Therefore, the system given by Eq. (3) converges to anti-

phase. However, if the coupling strength has negative 

value, after doing same calculations as the above 

examples, we can see that the two oscillators do converge. 

 

 
 

4. Proposed System for Noise-Robust Line Detection  

4.1. Hough Transform line detection for two points 

using coupled nonlinear oscillators 

The traditional HT method is described in Section 1.1 

Instead of the traditional HT voting scheme, we propose 

replacing it with a nonlinear system of equations. Each 

point in the image space is treated as an individual 

nonlinear oscillator and coupled together with the 

following system of equations 

 

{
𝜑̇1 = 0

𝜑̇2 =
𝜌1 − 𝜌2
𝐾2

+ (𝜑1 − 𝜑2)
 

 

(8) 

and subject to initial conditions 𝜑𝑖(0) = 𝜑𝑖
0, where 𝜑 is 

the phase of the 𝑖th oscillator, 𝜌 is the Hough amplitude 

at the 𝜑 phase and 𝐾 is the coupling strength based on 

the maximum amplitude of the 𝜌 value. 

To find the intersection of two points in the Hough 

space, 𝜌 and 𝜃 values of each oscillator should converge. 

Similar to Eq. (3), we will set 𝜑̇1 = 0 and concentrate on 

converging the second point to the first one. Which 

means, the oscillator  𝜑̇1 will attract  𝜑̇2 to itself.  

Therefore, setting the initial phase of the first oscillator 

is crucial and we find its location analytically, where two 

sinusoidal lines intersect, which we can derive from the 

following assumption 

 

𝜌1 = 𝜌2 
𝑥1 cos 𝜃 + 𝑦1 sin 𝜃 = 𝑥2 cos 𝜃 + 𝑦2 sin 𝜃 
𝜃 = tan−1(−(𝑥1 − 𝑥2)/(𝑦1 − 𝑦2). 

 

(9) 

Accordingly, we set the initial phase of the first 

oscillator to 𝜑1
0 = tan−1(−(𝑥1 − 𝑥2)/(𝑦1 − 𝑦2)) . For 

the initial phase of the second point, we are setting it at 

the fixed point of the Hough line, which means 𝜌2 = 0, 

and with the same calculation as Eq. (9) the 𝜃 =
tan−1(−𝑥2/𝑦2), and the starting position of the second 

oscillator 𝜑2
0 = tan−1(−𝑥2/𝑦2). Coupling strength 𝐾 is 

the maximum of the 𝜌 value for each Hough line and 

equals to 𝐾𝑖 = 𝑥𝑖
2 + 𝑦𝑖

2.  

However, to avoid the anti-phase synchronization 

situation same as in Section 2.1 the sign changing rule 

must be applied.  

Example 5 shows the verification of the above method. 

Example 5. Two points, 𝑝1 = (𝑥1, 𝑦1) = (1,1) and 𝑝2 =
(𝑥2, 𝑦2) = (5,2) are given in the image space, as shown 

in Figure 3. Initial values should be calculated to 

synchronize two oscillators for the coupling the same as 

Eq. (9). 𝜑1
0 = tan−1(−(𝑥1 − 𝑥2)/(𝑦1 − 𝑦2)) = 4.9574 

rad, 𝜑2
0 = tan−1(−𝑥2/𝑦2) = 5.0929  rad, 𝐾2 = 𝑥2

2 +
𝑦2
2 = 29.  

From Figure 3, it is clear that 𝜑𝑖
0 has 2 roots for each 

oscillator in 2𝜋  period. Therefore, depending on the 

location of the initial phase of the oscillator our proposed 

model should have the ability to change the sign. To first 

determine which direction the oscillator should move, the 

slope of the second Hough line should be calculated by 

the first derivative of 𝜌 function 

 

 

Fig. 3 Example of points (1,1) and (5,2).  

a) Image space. b) Hough space. 
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𝑑𝜌

𝑑𝜃
= 𝑦 cos 𝜃 − 𝑥 cos 𝜃. 

 

(10) 

In total there are four different cases are possible 

 

(i) 𝜑1
0 > 𝜑2

0,   𝜌2
′ (𝜑2

0) > 0 

(ii) 𝜑1
0 < 𝜑2

0,   𝜌2
′ (𝜑2

0) < 0 

(iii) 𝜑1
0 > 𝜑2

0,   𝜌2
′ (𝜑2

0) < 0 

(iv) 𝜑1
0 < 𝜑2

0,   𝜌2
′ (𝜑2

0) > 0 

 

After analyzing the possibilities, the four different 

possibilities can be classified into two groups (i, ii) and 

(iii, iv), which results in the same behavior. Then Eq. (8) 

transforms into the following system of equations 

 

{
 
 

 
 
𝜑̇1 = 0

𝜑̇2 =
𝜌1 − 𝜌2
𝐾2

+ (𝜑1 − 𝜑2), if A or B

𝜑̇2 =
𝜌2 − 𝜌1
𝐾2

+ (𝜑1 − 𝜑2), if C or D

 

 

(11) 

where A = (𝜑1
0 > 𝜑2

0, 𝜑2
′ (𝜑2

0) < 0) , B = (𝜑1
0 <

𝜑2
0, 𝜌2

′ (𝜑2
0) > 0) , C = (𝜑1

0 > 𝜑2
0, 𝜌2

′ (𝜑2
0) > 0) ,  D =

(𝜑1
0 < 𝜑2

0, 𝜌2
′ (𝜑2

0) < 0).  
The Eq. (11) is simulated by using the Algorithm 2 

below. We used Runge-Kutta 4th order method (RK4) to 

calculate first order derivative in our computer 

simulation. 

Algorithm 2. Classic HT for Line Detection 

Data: (𝑥, 𝑦)  locations of 𝑖 = 1,… , 𝑁  edges in image 

space 

Result: (𝜌, 𝜃) values that represent a line 

Initialization. Calculate 𝜑𝑖
0, 𝑖 = 1, … , 𝑁 

for 𝑖𝑡𝑒𝑟 = 1 to 𝑚𝑎𝑥𝐿 do 

    for 𝑟𝑘 = 1 to 4 do 

        if A or B then 

            Calculate 𝜑̇𝑖 with + sign 

        else 

            Calculate 𝜑̇𝑖 with − sign 

        endif 

        RK4 approximation 

    endfor 

endfor 

 

5. Results of Computer Experiments 

In this section, we present the results of our proposed 

algorithm on multiple setups and provide an evaluation 

of correct detection as well as error.  

Example 6 shows how the oscillators converge if a 

noncollinear edge exists in the image. 

Example 6. 𝑁 = 5, 𝑝1 = (1,3), 𝑝2 = (4,5.33), 𝑝3 =
(7,7.76), 𝑝4 = (10,10), 𝑝5 = (5,2) 

In Example 6, five points are given, and the first point 

is the attractor, as shown in Figure 4. In the first part of 

the example 𝑝1  is the attractor. Since, 𝑝1  is part of the 

line through 𝑝1  and 𝑝4 , oscillators converge into two 

groups. However, if the attractor is the outlier, such as 𝑝5, 

oscillators converge into four groups. Notice that 

oscillators converged along the attractor’s Hough line 

(dashed line in Figure 5). 

We have also tested our method in the synthetic image 

with noise in two different scenarios, the same line with 

different noise and a different line with the same noise. 

The image has 100 collinear points and 1000 noise points 

in both scenarios with 20 samples each. 

Table 1 and Table 2 shows the ratio of detected line 

points and errors. The threshold 𝜀 = [10−3, 10−4, 10−5] 
has been used to determine ratios.  The distance 𝐷 

between (𝜌, 𝜑) values should be less than the threshold 𝜀 

and was calculated by the following formula 

 

𝐷 = √(𝜑𝑖 − 𝜑𝑗)
2
+ (𝜌𝑖 − 𝜌𝑗)

2
< 𝜀, 

 

(12) 

where 𝜑 is the phase, 𝜌 is the Hough value at the phase 

𝜑 for the 𝑖th and 𝑗th oscillators, respectively. 

 The detected line points or cover ratio equals 

 

𝐶𝑅 =
|𝐿𝑃| − |NofCover|

|𝐿𝑃|
, 

 

(13) 

where 𝐿𝑃 = {1,2, … ,100}  set of collinear points, 

NofCover = |𝐿𝑃| − |𝐷𝑃|  set difference of collinear 

points and all detected points. 

 

Fig. 4 Image space of five points 
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The error ratio is calculated as follows 

 

𝐸𝑅 =
|𝐷𝑃 − 𝐿𝑃|

|𝑝𝐷|
, 

 

(14) 

where 𝑝𝐷  is set of all points, including collinear and 

noise.  

From Table 1 and Table 2 we can see that the highest 

cover ratio 𝐶𝑅 and lowest error ratio 𝐸𝑅  occurs, when 

𝜀 < 10−4 at the iteration 125. Note that if the accuracy 

requirement increases, the time it takes to converge also 

increases (𝜀 = 10−5, 𝑖𝑡𝑒𝑟 = 500). 
Figure 6 shows the convergence process in the 

parameter space for Table 1. Furthermore, Figure 7 

shows the example of detected points in parameter and 

image spaces, respectively. 

 
 

 

 

Fig. 5 Convergence of points with different attractors 

𝒑𝟏 – (a, b) and 𝒑𝟓 – (c, d). 

 

 

 

 
 

Fig. 6 A convergence process of moving points on 

projected lines in a) 25, b) 100, c) 125, d) 500 iteration 

periods. Colored marks represent (𝝆, 𝜽) convergence 

points, when threshold value 𝜺 = 𝟏𝟎−𝟑(red “+”), 𝟏𝟎−𝟒 

(blue “X”), 𝟏𝟎−𝟓 (green “dot”). 
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6. Conclusion 

Our method demonstrated the elimination of the use of 

the voting scheme of the classic HT by using coupled 

nonlinear oscillator dynamics.  

The advantage of this method is that the user does not 

need to have any experience using the method since 

creating a specific-sized accumulation array is 

unnecessary. However, this method selects one point at a 

time, checks for colinear points, and clusters them into 

groups, which will have a slower implementation than 

the classic HT. 

Further improvement of the method will improve HT's 

infinite line problem by clustering points into groups 

yielding finite lines. 
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Fig. 7 Example of detected collinear points for same 

line different noise with 𝜺 = 𝟏𝟎−𝟒 and 𝒊𝒕𝒆𝒓𝒂𝒕𝒊𝒐𝒏 =
𝟏𝟐𝟓. a) clustered points in parameter space b) detected 

points in image space (detected points are plotted with 

blue “X” sign) 

Table 1.  Average ratio of detected line points and errors for different line same noise at iterations (%). 

𝜀 
25 50 75 100 125 500 

CR ER CR ER CR ER CR ER CR ER CR ER 

10−3 0 0 0 0.09 5.20 1.07 99.0 3.02 99.00 3.70 99.00 3.72 

𝟏𝟎−𝟒 0 0 0 0 0 0.01 4.95 0.11 99.00 0.34 99.00 0.45 

10−5 0 0 0 0 0 0 0 0 19.80 0.02 99.00 0.05 

 

Table 2.  Average ratio of detected line points and errors for same line different noise at iterations (%). 

𝜀 
25 50 75 100 125 500 

CR ER CR ER CR ER CR ER CR ER CR ER 

10−3 0 0 0.05 0.02 0.35 0.68 99.00 3.43 99.00 6.12 99.00 6.18 

𝟏𝟎−𝟒 0 0 0.05 0 0 0 0.10 0.04 99.00 0.52 99.00 0.61 

10−5 0 0 0 0 0 0 0 0 0.05 0.02 99.00 0.04 
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