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Abstract

In this paper, we discuss grasp stability of frictionless planar enveloping grasps. The grasp stability is based on
potential energy of the grasp system replaced with an elastic system. A stiffness matrix of the grasp system is derived.
The grasp stability is evaluated by the eigenvalues of the matrix. We show that the matrix depends on grasp positions,
grasp forces, local curvatures, etc., at contact points. Moreover, we analyze curvature effects on the grasp system by
differentiating the matrix by the curvatures. We show that the derivative is negative semi definite.
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1. Introduction

Humans can grasp and manipulate various types of
objects dexterously. In various fields like as production
lines including handling tasks, picking tasks, assembly
tasks, etc., manual hand works are remained. Therefore,
the human-like dexterous skills are required for
mechanical functions of robots. In recent years, in order
to obtain appropriate grasps roughly, deep learning
methods are introduced. On the other hands, in traditional
ways, grasp and manipulation are analyzed from the
viewpoint of mechanics, kinematics and dynamics in
detail. As one of the methods, grasp stability based on
potential energy of the grasp system replaced with an
elastic system is investigated in order to derive grasp
evaluation. In grasp forms, pinching grasp by fingertips,
enveloping grasp by finger link surfaces and so on can be
considered.

Ref. [1] analyzed grasp stability of pinching grasps.
Local curvature effects on the stability were also
investigated. Ref. [2] investigated grasp position effects
on the stability, proposed an automatic generation of
optimal grasp. Ref. [3] analyzed frictionless enveloping
grasps by replacing joint displacement and finger surface
displacement with elastic model (Figure 1).

In this paper, we discuss grasp stability of frictionless
planar enveloping grasps. The stiffness matrix of the

grasp system is derived. The grasp stability is evaluated
by the eigenvalues of the matrix. We show that the matrix
depends on grasp positions, grasp forces, local curvatures,
etc., at contact points. Moreover, we analyze curvature
effects on the grasp system by differentiating the matrix
by the curvatures.
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Figure 1: A planar enveloping grasp
2. Problem Formulation

2.1. Symbols

Symbol i is finger number, j is joint and link number.
Some coordinates are defined as shown in Figure 2.
Symbol X, denotes a base coordinate frame on the
system. Symbol X, is an object coordinate frame, X, is
its initial pose. Symbol X;, is a i-th finger base coordinate
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frame, Z;; is the j-th link coordinate frame of the i-th
finger, Z,;; is the initial pose of Z;;. Symbols X.;; and
Zcoij are contact coordinate frames on the finger and the
object, X, r;; and X,,;; are the initial pose of Z;; and
Zcoij » respectively. Symbol Z;;, is a deformed
coordinate frame of X, ;. Vectors and matrices are
shown in Appendix.

Finger ¢

Grasped object

Lk

Palm

Contact ZLfij
coordinate
frame

Zio
Figure 2: Coordinate frames on the object and the finger

2.2. Joint and finger surface elastics

We consider that the i-th finger is constructed of serial
links with n joints. Position of the j-th joint (active joint),
qija, 1S represented as

Qija = 9nija t 9cija T Qaija € R
Natural position
Compression by the initial force
daija Displacement by the object displacement
The homogeneous transformation matrix of the j-th link

is represented as

U 44(00)

i(i—l)AbU (Qnija' Acija )Ar (Qdija)

€))
qnija
qcija

for revolute joint

=1 j—1 - e s
iU )Abi]-(qni]-a,qa-]-a)At(qdijaul) for prismatic joint

(2)
The link surface contacts on the object. Deformation of
the link surface is represented as the pose displacement
of the surface coordinate (passive joint) and represented
by the following form.

9ijp = Qnijp T 9cijp + Qaijp € R3 3

nijp Natural position
9cijp Compression by the initial force
qqijp Displacement by the object displacement

The displacement is represented by the following
homogeneous transformation matrix.

. ijALfi}'(qijp) = iinJ'p iij.L.ﬁj(qdijp)
”pALfij(qdijp) = Atr(qdijp); lijLfij(03><1) =1

lim Zijp = ZLfij (4)
qdijp—0
Displacement of the j-th link is represented by
T
qa;j = [Qdija' qgijp] € R* (5)

2.3. Potential energy of the j-th link

Elastic coefficient of the joint displacement is defined
as s;j, € R. The potential energy of the j-th joint is
obtained by the following form:

1 2
Uija(qdija) = Esija(QCija + qdija) (6)
Initial joint torque 7, is obtained by
Tija = Sijalcija 7

Symbol S;;,, € R3*3 represents stiffness coefficient of
the elasticity of the link surface displacement. The
potential energy of the i-th finger link is given by

1
Uijp(Qaijp) = > [qcijp + qdijp]TSijp [9cijp + qaijp]

(8)
Initial contact force t;;,, is obtained by
Tijp = Sijplcijp 9)
The potential energy of the j-th joint is given as
Uij(9aij) = Uija(qaija) + Uijp(Qaijp) (10)
The potential energy of the i-th finger is obtained by
n
Ui(qai) = Z __1Uij (9aij) (21)
where
Qai = [qai - Gam]” (32)

T
= [Qdila: qgilp' "1 Qdinas qginp] € R*"
In the case that the number of fingers is m, the potential
energy of the grasp system is obtained by

n
U(qa) ==Z- Uilqa),  aa= (941, qém]”
i=
(13)

2.4. Joint and finger surface elastics

In the case that the j-th link surface contacts on the object,
we obtain the following constraint:

v
PApo"°A0(&5) *ALoij " Acoij(@oif)
. i
= 2410041 (qira) X - x 'V )Aij(CIija)
! @ o
X YA pii(ip) T Acgij (agi )T Acoss

G=12,---,n) (14)
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where parameter g, represents position and orientation
of the object. Parameters a,;; and ay;; represent surface
displacement of the contact points on the object and the
link.

LOZ]ACOL} (am}) LOL]AKOL}A (KOL]aOL])LOUAKOL]
Waci(agy) = LfL]AkfijA (k) Aty
LOUAKOL] =A ( Koz]ul) LfUAKfL] t( Kfl]ul)

(15)
Curvature k is given as the following characteristics:
k>0 convex surface
k=0 flat surface (16)

Kk < 0 concave surface
Relation of the contact coordinate frame between the link

and the object surfaces is set as the following condition:
TV Aoy = A (M) (17)
From (15), we have
A (@aijp) = Ay 085 (ya) X -
X‘l_oAi_ll(Qila)LoA_l?obvo (?_o) OALoij
X Y Aot (i) TV Acay T At (apy)
(18)
The displacement on the link surface, qg;,, is given by
a function of the object displacement g, joint position
displacement  qgi14,***»qaija » CONtact  position
displacement a;;.

Qaijp (fo' Qij, Gaitar "> Qdija):

G=12-,n) (19)
where
_ [Poij 9
;= [aﬁj] €R (20)

Consequently, the potential energy of the i-th finger is
represented as the following form:

Uiqg (€0, @, BY) = Ui(Qairar 9hinp (Eor Xir, daina)s -+

Adinar qginp (So' Ain, Qditar "> Qdina))
n
= Z {Uija(qdija)
j=1

+ Uyjp (qdijp (so, Aij, Qaitar """ qtiija))}
(21)

where

aiq
ai = :

Ain

Qdita
ER®  (22)

€ Rzn, Bi = [

aina
3. Partial derivative of potential energy

3.1. The first derivative of the potential energy

The first partial derivative of the potential energy is
derived and its initial condition is considered, then we
have the followings:

Quasi-static Stability Analysis of

n
Uiy (&5, a, By) Lfil T
— L. | = B, Tip
de, o &
anq(SOJ ai! i) _ KTT K. = [_uz _uZ]
da;; 0 gpr BT | Koij Ky
anq(SOJaiJBi)

_ Lfil
lea v( Z BU ilp

aqdija 0
(23)

3.2. The second derivative of the potential energy

The second partial derivative of the potential energy is
derived and its initial condition is considered, then we
have the followings:
0%Uyq (&0, 1, By)

650655

Z{LmBTSumeB n vq[Tup T qupa]v(}

aZUiq(sO a;, Bi) Lfii 1

. — T f T T

A% P = Kij Sij UBO + [ ][TU v ]‘U(
0

60(1-1-685
aZUiq(fo'“uﬁi)
OQdﬁaa£g o
n
il il il
—_ Z[vg”l BLSuy "B, + T4, 15,0055 B, |
=)
azUiq(So,al‘, i)
aaikaaT-
KES,; 1<+[ ][‘”" K"”] (1<k=j<n)
iy T ATVl iy —Kpy) Sk=j=n
0,42 (otherwise)

0%Usq (&0, a;, i)‘
aClazikaa“'T'
={ vIMYBLS K — vl 1] A<k <j<n)
01x2 (otherwise)
0%Uq (g0, @, BY)
a%ikaa%ija
n

0
Lfil Lfil Lfil
Sija + Z[v? 1t Bz;csllp It Buvi + Tzlplgs It plj]
(1<i<k=j<n)
Lfil Lfil Lfil
Z[vT fi Bl Sup fi Bijve + il fi pij
l=j

(1<l<k<j<n)

(24)
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4. Frictionless enveloping grasp

4.1. Constraints of frictionless contact

In the case that the i-th finger surface contacts on the
objects with frictionless condition, contact point
displacement «; and joint position displacement B; shift
to the position locally minimizing the energy.
Consequently, we have the following constraint:

ranq (80' a;, Bl)-i
aai [OZH]
= 25
|6Uiq(£o'ai'ﬁi)| On ( )
9B
From this condition, we have 3n constraints, then the
freedom of the system is given only as the parameter &,,.
UL (£,) = Ui (0, ai(£,), Bi(8,))  (26)
The first partial derivative is derived, its initial condition
is considered. Considering the constraint of Eq. (25), we

have the following gradient
n

6U S(e,) .
Gifs — a£ _ ZquBo Ty = Z OWqume
° 1y =1 =1

(27)

where the symbol z;, is given by
) Lfilfx

T Lfil Lfilg _

Tap = I3~ f, f [Lfilfy]’ (28)

Lfilfx < 0’ Lfilfy =0
The second partial derivative is given as
217fs
pts = O Via o)
! de,0€T

= Uigee Qfs[Ulqw] (29)

J

iq,aa Uiq ﬁa]
igap  Uigpp

For example, the symbol U;, .. means the second partial
derivative of U, (g,, a;, B;) by a; and &,. The potential
energy of the grasp system is given by the following the
formula:

where the symbol Qif $ express

fo da’l
L7 |oe,

aBi

de,

‘ - (30)

= [Ulq ag lq ,6’8] [U

UfS(s)—Z_ Ul (e,) 31)

Total grasp wrench (force and moment) of the grasp
system and the grasp stiffness matrix are obtained by

GIs = ans(s) Z Gl
(32)
HFS = 70201‘5(8 | _S e
680685 i=1

The matrix H* depends on contact position, contact
direction, contact force, local curvature at contact points.

5. Effect of local curvatures at contact points

5.1. Partial derivative of the local curvatures

The grasp stiffness matrix is partially differentiated by
the local curvature, then we have the following formula:

aHlfS _ anq‘gs + { [ iq, Sa]}T [QfS]T
aKoij alcm-]- alcm] Ulq 74 !
fs iq,ea
+0:
Q {aKOU [Uiq sﬁ]}

U;
fs iq,aa iq.Ba fs
+0! [ ]}
' {aKOU Uigap  Uigpp [ ] (33)
=ab,” +bya’ + (" u,)b,b,"
= (Lf”fTu1)b1b1T < O3x3

aHlfS _ T T Lfij ¢T T

- - _ab2 - bza + ( f ul)bzbz

aK'fij -
= (LfoTu1)b2b2T < O3x3

The vectors a, b, b, € R? are given by

a:= Lf”BTSl]pvg
02(j-1)x1
L
K5Sijpve +uy| MU T, ]
02(n —j)x1
fs TL —
+Qi [v€ fUBl’IiSl]pv{] - 0!
_I TLfij 'T (34)
|ve " " BySipve |
On-j)x1
02(j-1)x1 02(j-1)x1
u u
b, = fs 1 , = fs 2
1 =0 02(n-j)x1 2= 02(n-j)x1
Onxl Onxl
Lfij L on’s
Because we have /" fTu, < 0, the derivatives ——and
oij

fs

O0H: . . .

ﬁ are negative semi definite. The value of the local
fij

curvature is smaller, the grasp stability is higher.

6. Conclusions

This paper analyzed frictionless planar enveloping
grasps. Not only joint displacement but also link surface
displacement is replaced with elastic feature. Contact
constraints between the finger links and the grasped
object were derived, and independent parameters were
clarified. By using independent parameters, the potential
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energy of the grasp system was derived. In the case of
frictionless contact, the wrench vectors were obtained by
the first partial derivative of the energy, the grasp
stiffness matrix was obtained by the second partial
derivative. By using partial derivative of the stiffness
matrix by local curvature at contact points, the effect of
the curvature on the grasp stability was clarified.
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Appendix A

In two dimensions, a homogeneous transformation
matrix of a frame X, with respect to a frame X, is
represented by the following form:

ay —[“Ro “Po 3x3
A, = ] eR (35)
01x2 1
where *p, € R? is a position vector, *R, € R?*? is a
rotation matrix expressing relative orientation. The
following symbols are also defined in this paper.

well]. w=[
A N
Rot({) = [cos{ —sin{

sin{ cos{ [

a=f) ]=re(3)
o, 3 a0 o
4,0 = 4,04,@0,  e=[],  x=[)]
g = [(;lf(l; —Qlapb]' Ls=[l, 0y4]€ R2%3
] = [123 bBa]T
b

(36)
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