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Abstract 

This paper is targeting to investigate the encapsulated cell realization of the hybrid order agents in discrete time, 
where agents are composed by two different dynamic order ones, one is the first order and the other is the second 
order, the work is the counter of its continuous ones of the encapsulated agents. To be further, the first order agents 
are assigned at low speed, and the second order agents are selected at comparatively higher speed. To overcome the 
obstacle brought by difference of the sampling rates, the lifting technology is taken into use to analyze the 
encapsulated system. Theoretical analysis and simulation results are made available for the further reference. 
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1. Introduction 

 
Multi-agent systems have been extensively explored 
these days for their theoretical values and potential 
prospects in real engineering applications 1-9. Among 
them, the heterogeneous agents were paid much more 
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attention, partially because of their widely distributed in 
industries, social activities and biological groups; one of 
the striking point of heterogeneities of the multi-agents is 
their difference in dynamics, especially of dynamic 
orders. The hybrid order dynamics of multi-agents were 
firstly put forward and solved by match principle or 
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match equivalence, i.e. protocols should be different for 
agents with different dynamic orders 3,6.  
    However, it is not so wise for us just to stop at the low 
level of the multi-agents, something new should be added 
to push this research further. Is it possible to pack the 
agents with hybrid order together? Does that bring us 
much more promising solutions to the real engineering 
problems? These problems are full of the meaning. One 
of the work of this direction has been done, it is for hybrid 
order agents packed in an encapsulated cell. The 
dynamics for them is described in continues time 3. In this 
note, discrete time agents of the hybrid order packed in 
an encapsulated cell will be touched upon here. 
    The following of this note will be arranged as follows: 
Problem description will be provided at first, then 
followed by theoretical analysis and simulations, some 
comments will also be available in this part; the last part 
will be conclusions. Acknowledgements will be 
acknowledged for the fund support. 

2. Problem Description 

The dynamics of the encapsulated agents are described 
in the following equations: 
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Here, in Equation (1), index i is used to mark the layer of 
the agents, and index j is used to mark the order of the 
agents of the layer i; u(k) is the controlled input for the 
agents, it comes from three different places, one is from 
the agent itself, the other is from the other agents of the 
same layer, and the third is from the other layer agents; 
the output signal is extracted from the first order agents; 
the capital x and u is employed to express the packed state 
variables, i.e. to the agent systems combined by the first 
and second order dynamics, both position sub-states and 
velocity sub-states are covered by the capital x, the 
capital letter p is used to denote the parameters of the 
agent systems; and the controlled input can be inferred 
correspondingly. 

In case of simplicity and without loss of generality, we 
assume the multi-agents system is composed by two 
layers; each layer includes two different agents, among 
them one is the first order and the other is the second 
order. So, the Equation (1) can be refined as follows: 
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Corresponding to Equation (1),  
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As to the controlled inputs, both for the first order agents 
and the second agents, are enforced by three different 
parts, one is from the individual agent itself, the another 
is from the same layer of the different order agents, and 
the third is from the other layer agents. And in this way, 
we have system level of the whole agents, and sub-level 
of the layer, followed by the atom-level agents with 
different dynamic orders. 
Notation 1: Parameters of n0 and T0 is assigned to 
represent the times of the sampling period and standard 
sampling period, respectively; since the first order agent 
system only has one integrator, and the second order 
agent system has two integrators, the information 
updating rate for the second is much more slower than 
the first agent system; and in this kind of sense, we chose 
T0 as 1 and no as 4. 

3. Theoretical Analysis and Simulation Results 

This part will contribute for theoretical analysis and 
simulation results, some comments are also offered to 
trigger the prospective topics. 

3.1.  Theoretical analysis 

Take two homogeneous encapsulated cell agent systems 
as an example, each one of them is composed of one of 
the first order agent and one of the second order agent, to 
be specific, for the first cell encapsulated agent system, it 
can be expressed as: 
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Correspondingly, the second cell encapsulated agent 
system can be expressed as: 
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Notation 2: The dynamic of the first order agent in cell 
encapsulated agent system is only influenced by its own 
dynamics and the dynamics of the second order agent of 
the same cell. To be different, the dynamic of the second 
order agent in cell encapsulated agent system can be 
altered by its own dynamic and also the dynamic of the 
first order agent, which is assigned to the same cell, 
besides that, the output of the other cell agent system can 
also contribute to the dynamics of the second order agent. 

Notation 3: Consider the different sampling speed, the 
signal of the second order agent feed to the first order 
agent is the 4 times period delayed signal, that embodies 
the lifting technique.  

For the first cell encapsulated agent system, the 
controlled input can be denoted as follows: 
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And the second cell encapsulated agent system, the 
controlled input can be denoted as follows: 
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Parameters of the whole system can be listed as follows: 
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Notation 4: The parameters are selected to guarantee the 
stability of the whole system. 

3.2. Simulation results 

When the initial values are provided, under the 
simulation environment like SIMULINK, the Simulink 
results are easily to be made possible. Figure 1 is the 
simulation results of the encapsulated system: 
 

 
Fig.1 State curves of the system 
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From the simulation results, it could be seen clearly that 
all of the states of the system are driven to the stable 
equilibrium. 
Notation 5: The different equilibrium values can be 
made possible if we assign different working modes of 
the sub-system. 

3.3. Some comments 

In order to make the work tight and complete, two 
comments are offered here. 
Comment 1: Agent system is kicked off by studying the 
same order ones, especially of the first order agents and 
the second order agents, after then the hybrid order agent 
systems are initiated 3,6 and references there in followed 
by colleagues of the control field. Is it possible for us to 
come back to the same agents but with much more higher 
viewpoints?  
Comment 2: Encapsulated cell agent systems are the 
right way for us to dig deep on the road of the same at 
low level, the different to deepen of the same, and come 
to the same in a higher level. 

4. Conclusion 

This note contributes to the background introduction, 
theoretical analysis and simulation research of the 
encapsulated cell agents with discrete dynamics. The 
value of this note is obvious in several aspects:  
(1) It reiterates the importance of the layer of the system, 
now it is clear that the encapsulated cell agents are 
divided into three different levels, from the top to the 
down, they are the system level, the cell level, and the 
agent level;  
(2) According to our knowledge, it is first discussion 
about the sampling speed of the hybrid order agents, 
lifting techniques are borrowed to design the controller; 
(3) For the complex engineering system, the sub-systems 
are always intertwined with each other, hierarchy should 
be considered of course, and in this sense, our work is 
meaningful; 
Besides, the complexity is the essential characteristics, 
time-delay, coupling, fragility, robust property et al, all 
of them should be taken into count 10-12, it is a long way 
for us to explore. 
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