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Abstract

This paper focuses on the trajectory tracking control algorithm for differential wheeled mobile robots (DWMRs)
based on rhombic input constraints. The kinematics and dynamics model of DWMRs are Established, and vector
analysis method is used to design the controller when the linear velocity and angular velocity of DWMRs were not
independent of each other. Through the trajectory tracking simulation of the 8-shaped curve, a good control

performance is obtained.
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1. Introduction

The tracking control of DWMRs has a very broad
application background. There are many methods have
been used in controller design for trajectory tracking.
Sliding mode control,! backstepping control,”> robust
control,* fuzzy control,* active disturbance rejection
control® etc. are used to solve this problem. From a
practical perspective, the input constraints must be
considered when designing controller, however most

*Corresponding author.

existing studies are assume that the input constraints of
the robots’ linear velocity v and angular velocity @ are

independent of each other, that is, |v| <m, |a)| <m,,
where m, and m, are positive constants. (Fig.1). A proof

will be given later, the actual situation is that the input
field of DWMRs is the rhombic area defined by

|v / m| + |a) / /m| <1, where m is the maximum velocity of

the two driving wheels and / is half of the distance
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between them. If the controller in Ref.6 is applied to a
differential drive robots, the rectangle estimation needs
to be extracted in the rhombic input field. The largest
rectangle estimate that can be calculated is determined by

|v| <m/2and |a)| <m/2l, it is only half of the rhombic

input field, which leads to the robots’ mobility cannot be
fully utilized. Rhombic input constraints are considered
first time in Ref.7, it proposed a geometric analysis
method to design time-varying feedback parameters.

o A

Fig. 1. Rectangular and diamond constraints
2. Problem Statement

2.1. Rhombic Input Constraints

Consider DWMRs shown in Fig.2, the driving wheels’
velocities of the robots are v, and v, respectively.
Assuming that the two driving wheels have the same
performance, there maximum velocities are both m , that
isv,<mandv, <m . Usually v and @ of DWMRs are
used as control inputs, and their relationship with the
speed of the driving wheel is

v=wv,+v,)/2 (1)
o=, —-v)/2l (2)
Thus v and @ are constrained by
—(m+v)/I<ow<(m+v)/l,ve[-m,0)
{—(m—v)/lﬁa)S(m—v)/l,ve[O,m] ®
The above is collated into one expression:
Equation (3) can be sorted into one expression:
|v/m|+|a)l/m|Sl @)

This constraints is shown in the Fig.1 as a rhombus with
black solid line.

2.2. Tracking Control Based on Rhombic Input
Constraints

The kinematics and dynamics equations of two-wheel
differential mobile robots is

(%)
(x,y)is the center point coordinates of DWMRs and 6
is used to indicate its azimuth angle (see Fig.2).

x=vcosl, y=vsind, 0=w

v

Fig. 2. Trajectory tracking of DWMRS
Assumption 1. The input constraint of DWMRs is (4),
and its reference trajectory satisfies:

x.=v.cos, y, =v sinf,, é’r =w, (6)
and
v, [ m|+|@, 1/ m|<1-1g/m (7

Among them, (x,,y,,0,,v,,®,) is the target values of
(x,y,0,v,), where ¢ is a constant satisfies 0 <¢ <m /[ .

Remark 1. We introduce a constant ¢ in equation (7) to
ensure that the reference trajectory can be tracked by
DWMRs under the input constraints (4)
Fig.2 shows that system errors of DWMRs are defined
as:

X cos@ sind 0

Y, |=|-sin@ cosf 0| y -y
0, 0 0 11|6-6
The tracking errors system can be obtained by deriving

the two sides of the above formula (8)
X, =v, cosl, —v+my,

X, —Xx

®)

y,=v,sinf, —wx, 9
0, =v.0,-o

Now our goal is to design the controller to make the
system errors x,, v, and €, tend to zero, and the control

variables v and @ must meet the constraints (4).
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3. Controller Design Based on Rhombic Input
Constraints

Before our controller design work begins, we first
understand two important lemmas
Lemma 1.2 f:[0,00) > R is first-order continuous

differentiable and lim f(¢r) is a finite value, if
t—ow0
f (1),t €[0,0) is uniformly continuous, then lim f (1)=0.
t—oo

Lemma 2.7 There is a scalar function p(x),x €[0,0),
which satisfies the following properties:

1. p(x) is a continuous and non-decreasing function;

2. p(0)=0,and 0 < p(x) <1for x € (0,0);

3. }Ln()l p'(x) = p, , which p, is a positive constant.

Define y/(x) as

() {p(x) /x xe(0,00)

10
Po x=0 (1o
Then, for Vo € (0,0) , there always exist & and £, such

that o < @(x) < S holds forx €[0,0], where both & and
[ are positive constants.

p(x) =tanh(x) is a function that satisfies the above
conditions.

There are many results about the design of the tracking
controller of the differential drive robots in the existing
literature. In this paper we choose the controller in Ref.9.
v=v cosb, +k x,

i 11
512€E+k99 (11)

e

o=0,+tkv,y,
e

where k_,k, and k, are positive constants. Through

formula (11), we can easily see that too large errors will
cause the control variables v and @ to be too large, and
then the control variables will exceed the constraints. In
this way, the control commands cannot be executed well.
Lemma 3.7 For controller (11), if following conditions
are met:

) k <k <k,.k <k <k, k, <k, <k,
2) k, is differentiable and &, > 0.

where k,.k .k, .k

Do fyo Dy
Then, trajectory tracking errors of DWMRs will
converge to zero, that is x,, y,,8, will converge to zero.

k, .k, are positive constant values,

yo

Controller (11) can be designed by using the vector
analysis method, define the controller v, w as a vector

o

Trajectory Tracking Control of

then by defining other vectors as:

0
—— |v.cos@ | — )
OA:{ ' ‘},AB: sin6,
o kv, y.
’ 0, (12)

— kx| — 0
BC=|""*|,CD=
|: 0 :| |:k00ej|

Then we can get the vector representation of the
controller

OD =OA+ AB+BC+CD (13)
In order to make the controller meet the rhombic input
constraints, we need to analyze each vector in turn.

v, cosd, N ol <% o, Sl—l—g (14)
m m| |m| |m m
P

ok *

m/l|

<v

Fig. 3. Vector method design controller
Equation (14) shows that 04 satisfy the rhombic input
constraints, without loss of generality, we represent@

as shown in Fig.3, and because the length of AB is
proportional tok,, we can definitely find a k, to make

AB within the rhombic input constraints. Similarly, we
can also find suitable k£ _and k,, so BC and CD can meet
the rhombic constraints respectively. Obviously, the

controller OD will definitely meet the rhombic input
constraints.

Since the requirement for ky is léy >0, we intuitively

thought of designing if from Lyapunov function V' (¢)
2

1 o
V(t)=—=(x2+y> +=
Q) z(xe Ve k)

y

(15)
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Letk, be
k Ae

- my2V (£) + 1

Where A and y are constants, 0 <A <land y >0.
According to (15) (16), we can get
ol M0 + 4223 (63 + 37 + 1) o
g 2m(x; +y; + 1)
x>+ 2kgky962

= : (18)
2 2 2 2
2k, (52 + Y2+ 47) +6;

(16)

(17

2k k?

xy

y

Ifk, >0andk, > 0, then according to equations (17) and
(18), léy < 0 can be derived, and further from (15) we can

get
Ae e+
k,=————=<k <—=k, (19)
m\2V(0)+* — mu
In this way, the vector OB can be expressed as:
. ing
OB = Od+ AB = (v, cos6,,, +kv, 3, S“;—E)T (20)

Similar to 04 satisfy the rhombic input constraints, we
can easily verify that OB satisfies the rhombic input
constraints through formulas (14), (15) and (16). Since
k,.k, >0, so the directions of the vectors BC and CD

are determined by the signs of x,and 8,, In order to

expand the input field as much as possible while meeting
the rhombic input constraints. First, we need to determine

the triangle area ABEF where the points of C and D are
located, as shown in Fig.3, whenx, <O0and#, >0, we
take the constraint segment () to determine the reference
triangle ABE,F, , similarly, whenx, >0and 6, >0, we
take the constraint segment () to determine the reference
triangle ABE F,
reference triangle ABE,F, , and whenx, <Oand 6, <0,

, when x, <0 and 8, <0, we get the

we get the reference triangle ABE,F, . Through the
equations of the four constraint lines and the coordinates

of point B , we can easily obtain the coordinates of point
E as:

- SenCs, Yo —sgn(@)@, + K, v, 3, ),
¢ 21
w +kyv _siné’e) o
r y rye 0

Similarly, we can get the coordinates of " as:

sgn(6,)(m —sgn(x,)v, cosd,)

F:(v cos@,, ; ) (22)
Where sgn(-) is sign function
) [x|/x x#0 23)
sgn(x
0 x=0

Further we can get the expressions of BE and BF as
BE = OE - OB

in6
= (sgn(x, )(m —sgn(0,)(@, + kv, , s“; 9 (24)
-v, cos@,,0)"
BF = OF - OB
-0, sgn(6, )(m— sgln(xe)vr cosd,) o 25)
sind
—kvy —)T
W Ye 0 )
To designk_andk, , let
BC = %ﬁ“
(26)
— o) —
CD= %BF
Then, we get from (12)(24)(26), that
A R SRLAY
2 ! 0,
—sgn(x,)v, cosd,)
w(|6,) m—sgn(x,)v, cosf, 27)
k, = LD (sen v €030 oonq)
2 )
(@, +hyy,y, 220
B 0@
By formula (15)(16)(20)and Lemma2 we can easily get
k. SMS& < pm<k,
d 2/1) B @
a(l-Ae m _ —
k, < — <k, < - <k,

At this point, the k, k, and k,meet the two conditions in
Lemma 3, so the system error will converge to zero. And
because of our vector method design the parameters
ensure that the parameter control variables v and @ meet
the rhombic input constraints too.

4. Simulation Results

In this section, we simulate and verify the effect of the
controller. The maximum speed of the drive wheels is set
tom=0.4m/s, the wheel spacing is set to/=0.16m,
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For setting some parameters of the controller, we choose
p(x)=tanh(x), £=0.1, 1 =0.99, £ =0.01.

Fig.4(a) shows that DWMRs gradually tracks on the
reference trajectory. The tracking errors x,,y,,60, are
gradually converge to zero as shown in Fig.4(b), also we
can guarantee the control variables v, satisfy the
rhombic input constraints through Fig.4(c), and
sometimes v can basically reach the bounds of rhombic
input constraints.
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Fig.4. Simulation results.
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5. Conclusion

The trajectory tracking problem of DWMRs with
rhombic input constraints is solved in this paper,
compared with the controller based on rectangular input
constraints. It can better play the robots' mobility and the
controller not only solves the tracking problem, but also
solves the stability problem, the simulation shows the
controller is effective. Future work will focus on the
controller design with uncertainty based on a more
complex application environment.

Acknowledgements

This work was supported by the NSFC (61520106010,
61327807, 61134005, 61521091) and the National Basic
Research Program of China (973 Program: 2012CB
821200, 2012CB821201).

References

1. Jinhua. Ye, Y. Suzhen , and J. Xiao . Trajectory Tracking
Control of WMR Based on Sliding Mode Disturbance
Observer with Unknown Skidding and Slipping. 2017 2nd
International Conference on Cybernetics, Robotics and
Control (CRC) IEEE, 2018.

2. Hadi, Nabil H , and K. K. Younus . Path tracking and
backstepping control for a wheeled mobile robots (WMR)
in a slipping environment. IOP Conference Series
Materials ence and Engineering 671(2020):012005.

3. Inoue, Roberto S. , et al. Robust recursive linear quadratic
regulator for wheeled mobile robots based on optical
motion capture cameras. Asian Journal of Control (2019).

4. Chen, Yung Hsiang . A Novel Fuzzy Trajectory Tracking
Control Design for Wheeled Mobile Robots. Advances In
Robotics & Mechanical Engineering 2(2020).

5. J. Han, From PID to Active Disturbance Rejection Control,
IEEE Transactions on Industrial Electronics, vol. 56, no.
3, pp. 900-906, March 2009.

6. Y. X. Suand C. H. Zheng, Global asymptotic stabilization
and tracking of wheeled mobile robots with actuator
saturation, in Proc. IEEE Int. Conf. Robots. Biomim., Dec.
2010, pp. 345-350..

7. X. Chen, Y. Jia and F. Matsuno, Tracking Control for
Differential-Drive Mobile Robots With Diamond-Shaped
Input Constraints, [EEE Transactions on Control Systems
Technology, vol. 22, no. 5, pp. 1999-2006, Sept. 2014, doi:
10.1109/TCST.2013.2296900.

8. H. K. Khalil, Nonlinear Systems, 3rd ed. Upper Saddle
River, NJ, USA: Prentice-Hall, 2002.

9. Blazic S.. A Novel Trajectory-Tracking Control Law for
Wheeled Mobile Robots[J]. Robotics and Autonomous
Systems, 2011, 59(11): 1001-1007

© The 2021 International Conference on Artificial Life and Robotics (ICAROB2021), January 21 to 24, 2021

372





