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Abstract 

The chemical ecosystem is an ecosystem in which chemical substances mediate interactions. When herbivores feed, 
the plant analyzes herbivore saliva and produces volatile chemicals that attract herbivore natural enemies. Natural 
enemies are attracted to volatile chemicals and eliminate herbivores. This system is a tripartite system consisting of 
herbivore, carnivore and volatile chemicals. The basic equation of mathematical ecology is the Lotoka-Volterra 
equation. This equation is a two-way system of herbivores and carnivores. This paper proposes the basic equations 
of three chemical ecosystems and shows their mathematical features. 
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1. Introduction

Mathematical ecology has used the Lotka-Volterra 
equation as the basic equation1). This equation is a 
simultaneous differential equation with the predator as y 
and the prey as x.  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑘𝑘1𝑥𝑥 − 𝑘𝑘2𝑥𝑥𝑥𝑥, (1) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑘𝑘1𝑥𝑥 − 𝑘𝑘2𝑥𝑥𝑥𝑥, (2) 

The equilibrium points of this simultaneous differential 
equation are obtained from 3) and 4) 

0 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥(𝑘𝑘1 − 𝑘𝑘2𝑦𝑦), (3) 

0 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑦𝑦(𝑘𝑘2𝑥𝑥 − 𝑘𝑘3), (4) 

as 

      . . 
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Therefore, if y is larger than k1 / k2, x decreases, and if y 
is smaller, it increases. On the other hand, if x is larger 
than k3 / k2, y increases, and if it is smaller, y decreases. 
Therefore, x and y oscillate around the equilibrium point. 
The solution to this equation is periodic1) (Fig. 1). The 
Lotoka Volterra equation is a basic equation of 
mathematical ecology, and various variants have been 
proposed (such as 2)). 

 

1.1. Chemical Ecology 

Plants are the foundation and resources that support the 
entire ecosystem, but on the other hand, indirect defense 
using pests and communication between plants have been 
revealed. [3] 

Since the late 1980s, it has become clear that plants 
attract predators' natural enemies by releasing volatile 
substances in response to feeding damage [3]. In this case, 
there is an indirect interrelationship through odor 
information between plants and natural enemies that are 
not in an “eat-eat” relationship that goes beyond the 
nutritional stage. Plant-predators-predators span three 
nutritional stages and are linked not only in the food 
chain but also in exchanging information. 

Volatility produced by plants is called Herbivore 
Induced Plant Volatiles (HIPV). When pests are directly 

exterminated using pesticides, the side effect is to 
exterminate the pests to be exterminated and the natural 
enemies existing in the space. In that case, if pests invade 
the place where the natural enemy was exterminated 
again, the natural enemy cannot control it. As a result, 
plants suffer great feeding damage. To avoid this, it is 
necessary to spray pesticides over a wider area, and the 
ecosystem will be seriously damaged. 

On the other hand, if a plant that has been damaged by 
feeding produces HIPV and provides indirect defense by 
natural enemies, the ecosystem will not be seriously 
damaged. Plants have their natural enemies exterminate 
pests in return for the cost of producing scents. Natural 
enemies can increase the efficiency of finding pests in 
return for the cost of learning scents. However, pests are 
natural enemies if they eat plants. It is unilaterally 
disadvantageous because it is eaten by. 

In reality, pests are not unilaterally disadvantaged. 
Plants do not produce HIPV immediately after being 
damaged by feeding. Plants do not produce HIPV until 
they are about to die. Therefore, there is time to spare 
from the start of feeding to the invasion of natural 
enemies. Adult females spawn until the invasion of 
natural enemies and move to other safe strains before 
invading natural enemies. Therefore, pests get a space 
where natural enemies do not exist in return for the cost 
of attracting natural enemies and it can lay eggs safely. 

1.2. Chemical Ecology, rule based expression  

 

Fig. 1.  The isocline analysis of LV equation 

 

Fig. 2.  Schematic rule based model of the tritrophic system 
composed of Plant-Herbivores and Carnivore 
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Describe the chemical ecosystem on a rule based (Fig.2). 
The rule base is an abstract chemical reaction system. An 
abstract chemical reaction system is a method of 
describing a phenomenon using the notation of a 
chemical formula. Reaction kinetics transforms chemical 
equations into differential equations. 
 
Chemical species used in chemical ecosystems are plants, 
prey, predators and HIPV. 
 

Plant + Predator-> Prey, Predator, HIPV 
 
This reaction expresses that the prey (herbivore) eats the 
plant to increase the population and the plant produces 
HIPV. 
 

HIPV + prey (carnivorous) + predator-> predator, 
predator 

 
This reaction expresses that HIPV-induced predators eat 
prey and increase populations. Plants cease to produce 
HIPV as there are no more herbivores. Therefore, there 
is no HIPV on the right side of this equation. 
 

Predator-> 
 
This reaction represents the natural death of a predator. 
The reason for not including the natural death of prey is 
that the number of prey is decreasing too much. Counting 
the increase and decrease of predators with the above 
three chemical formulas, it is 0. The increase / decrease 
in predators is 0. Therefore, the increase / decrease in 
prey and predator is balanced. If the natural death of the 
prey is added, the prey will decrease and become extinct 
even if it is not predated. Its extinction is not essential, 
but the balance of stoichiometry. On the other hand, 
without the natural death of predators, the number of 
predators increases exponentially. This increase is also a 
problem of stoichiometric balance and is not essential. 
Therefore, there was no natural death of the predator, and 
only the predator died of natural causes. 

2. Basic equation of chemical ecosystem 

Chemical ecosystems are not just related to prey and 
predators. An information chemical called HIPV 
intervenes between prey and predators. The indirect 

interaction between prey and predator by HIPV is the 
essence of the chemical ecosystem. Therefore, the 
chemical ecosystem is an interaction of three bodies. 

The Lotka-Volterra equation cannot describe the 
chemical ecosystem in essence.  Lotka-Volterra 
equations with multi-bodies have been proposed [4]. The 
n species Lotka-Volterra equation has two or more 
predators or prey but they are essentially two-body 
interaction, not an n (n> 2) bodies interactions. Therefore, 
the generalized Lotka-Volterra equation cannot 
essentially describe the chemical ecosystem. 

Let x be the number of prey, y be the predator, and i be 
the information (HIPV). x, y, i are all positive numbers 
greater than or equal to 0. 

Prey increases by eating plants and decreases by 
predation by predators.  Unlike the LV equation, when a 
prey eats a plant, the plant produces HIPV, which is 
represented by i. Predators cannot find any prey if the 
density of  HIPV is low. In addition, the number of prey 
is reduced by being preyed on by predators. HIPV plays 
the role of stabilizer, predators cannot have prey as much 
as possible. Because, if predators get many preys, the 
concentration of HIPV becomes low and predators 
cannot find preys. The basic equation of the chemical 
ecosystem based on the LV equation can be obtained 
from the above.  

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑘𝑘1𝑥𝑥 − 𝑘𝑘2𝑥𝑥𝑥𝑥𝑥𝑥, (5) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑘𝑘2𝑥𝑥𝑥𝑥𝑥𝑥 − 𝑘𝑘3𝑦𝑦, (6) 

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑘𝑘1𝑥𝑥 − 𝑘𝑘2𝑥𝑥𝑥𝑥𝑥𝑥. (7) 

 
What makes this equation essentially different from 

the LV equation is that it includes a term for three-body 
interactions. 

3. Behavior of basic equations of chemical 
ecosystems 

The equilibrium points of this equation are 

0 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥(𝑘𝑘1 − 𝑘𝑘2𝑦𝑦𝑦𝑦), (8) 
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0 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑦𝑦(𝑘𝑘2𝑥𝑥𝑥𝑥 − 𝑘𝑘3), (9) 

0 =
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝑥𝑥(𝑘𝑘1 − 𝑦𝑦𝑦𝑦2), (10) 

 
and                                                               . 
The LV equation has two equilibrium points, but in this 
equation the equilibrium points are all points on c / i and 
are infinite. And when i = 1, the equilibrium point 
coincides with the LV equation. When i = 0, x and y have 
no equilibrium point. When i = 0, dx / dt> 0 and dy / dt 
<0. If k1, k2, and k3 are positive constants, k3 / k2 is c3, 
and k1 / k2 is c1, the equilibrium point is (c3 / i, c2 / i, 
c2). 

3.1. Vector space of equations 

We compared the behaviour of the trytrophic equations 
with the LV equation. So we investigated both vector 
fields. The LV equation's vector field is a periodic 
solution centred on the origin and another equilibrium 
point, and this result has been known for a long time (Fig. 
3).  

The diagonal is the set of equilibrium points. In reality, 
the equilibrium points on this diagonal are k / i of the 
equilibrium point curve. Below this diagonal, the 
concentration of HIPV is low, so Y decreases and X 
increases. Above this diagonal, the concentration of 
HIPV is high, so Y increases and X decreases. Since the 

sum of these two vectors is exactly the opposite, the 
vector field shows that the tritrophic basic equation has a 
stable manifold structure. (Fig.4). 
 From this result, it is foreseen that the basic equation 
of tritrophic is significantly different from the LV 
equation and has an equilibrium solution. In the future, I 
would like to proceed with a more rigorous mathematical 
analysis. 
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Fig. 3. Vector space of LV equation 

 

Fig. 4.  Vector space of basic equation of tritrophic system., 
The diagonal is the set of equilibrium points. In reality, the 
equilibrium points on this diagonal are k / i of the equilibrium 
point curve. 
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