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Abstract 

In this paper, we focused on the hoof-ground interaction in the simplified horse leg model because walking and 
running gaits are known to be different in trajectories; however, the force analysis still remains as unsolved issues. 
The computational experiments in Matlab, elastic and inelastic impact with the ground was resolved by using the 
dissipative contact force model and the ground reaction force was clearly examined in four different conditions from 
the combination of walking/running and elastic/inelastic contact.  
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1. Introduction

In the human gait analysis, three different foot-rocker 
mechanisms are known as heel rocker, ankle rocker and 
forefoot rocker, which are generated from pendulum 
dynamics with three fulcrum points of heel, ankle and toe 
[1]. In a gait cycle, there are two phases as swing stance 
phases and particularly in the human gait analysis, the 
stance phase is decomposed to the initial contact for 
touching with the ground from the heel, the loading 
response for shifting of the center of mass from back to 
front, the mid-stance for lifting the heel up, the terminal 
stance for transition to the swing phase, and then pre-
swing [2]. Such as bipedal gait cycle can be simplified to 
a mechanical system based on a coupled pendulum as 
demonstrated by McGeer (1990) [3], called a passive 
dynamic walking robot without any electromechanical 
actuator to mimic three rockers. In this case, the 

compliant human leg dynamics has been studied with a 
series of contact points on the rolling surface [4-6] and 
with the effective roll-over geometry of leg motion [7-9]. 
The fact suggests that the utilization of the simple 
skeleton model provides a large benefit to compensate 
the limitation of experimental measurements in the gain 
analysis to realize the actual phenomenon of the ground 
reaction force, because there are evidences in the walking 
condition [10,11], such as demonstrated two peaks in the 
temporal evolution of the ground reaction force during 
the stance phase, while there is a lack of evidences in 
other gait patterns. In robotic applications inspired from 
biological mechanisms, an articulated leg with hoof was 
inspired from the horse [12] and a linkage mechanism to 
mimic the horse leg trajectory by Batbaatar & 
Wagatsuma (2019) [13] and similar approaches were 
found in closed-loop linkage mechanisms [14,15]. In the 
animal locomotion, there are various gait patterns known 
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as walk, trot, gallop and so on [16]. Therefore, the 
establishment of the detail analytical method for the 
ground reaction force is highly important to elucidate the 
principle to differ gaits in the sense of the energy 
consumption. Focusing on the ground contact 
phenomenon, the hoof part of the horse leg mechanism 
can be modelled in the form of the triangle structure to 
connect three representative points as the toe, heel and 
ankle, which reproduces the rocker mechanisms. If it is 
possible to provide kinematic/kinetics of the hoof-ground 
contact, the viscoelastic effect is also considerable to 
analyse how much the leg absorbs the impact force when 
touching with the ground. It realizes the detail analysis of 
the amount of the energy storage discussed in the distal 
leg movement and landing motions [17,18]. The purpose 
of the present study is to establish the basement analytical 
method for the ground reaction forces in gaits and 
demonstrate the efficacy of the method in the simplified 
leg model to focus on the hoof-ground interaction. This 
paper is divided into following sections. Section 2 
introduces the general Multibody dynamics (MBD) 
formulation applied to the proposed leg mechanism as 
well as the viscoelastic contact force introduced in order 
to simulate realistic hoof-ground contact. Section 3 
contains the kinematic and kinetic analysis focusing on 
the hoof-ground interaction, while Section 4 summarizes 
the main results and discusses the potential 
improvements and limitation of the study. 

2. Methods 

2.1. Multibody system formulation for horse leg 
mechanism 

Kinematics and dynamic analysis of horse leg 
mechanism with multibody dynamics was presented in 
the article by Batbaatar & Wagatsuma (2019) [13] in 
which simplified model of leg mechanism generated a 
flexible coordinated movement of hoof with constraint 
closed-loop linkage structure. Furthermore, in applying 
appropriate driver constraint in system as principle 
movement strategy in running animal functional and 
animal-like end trajectories were generated and evaluated 
with duty factor which defines the specific locomotor 
behavior with respect to the stance and swing timing in 
one locomotive cycle. Mathematical model for horse leg 
mechanism can be stated by using multibody dynamics 
(MBD), the vector q with 42 elements including position 

and orientation of each body in leg mechanism expressed 
as generalized coordinates can be written 

1 2 3 14, , ,..., .
TT T T Tq q q q =  q  (1) 

The vector of q contains 42 (= 14 × 3) elements which 
are 14 rigid links and their center of position 𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖  and 
orientation 𝜙𝜙𝑖𝑖  are obtained in the generalized coordinates 
in the present analysis. A set of kinematic algebraic 
constraint equation according to the given initial 
configuration can be written 

( )
42 1
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q t
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 Φ
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where the first 41 elements of the column matrix of 
kinematic constraint equation ( )K qΦ  are derived from 
the absolute constraints between body and fixed ground 
node. The last element ( , )D q tΦ  defines the driver 
constraint (Crankshaft) of the proposed leg mechanism. 
The partial derivative of kinematic constraint equation 
respect to the generalized absolute Cartesian coordinates 
q is Jacobian matrix qΦ is obtained as 

( )
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where it allows us to investigate placement, velocity and 
acceleration analyses kinematically. The forward 
dynamics analysis introduces the mass matrix 

( )42 42= ×M , and the generalized external force vector 
( )42 1= ×(a)h , as follows: 

( )1 2 14, ,..., ,diag M M M=M  (4) 

[ ]{ , , 1, 2,...,14},T
i i im m J i= =M i  (5) 

( ) ( ) ( )
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ih  (7) 

where im is the mass of rigid link to point i, 2 3i iJ l=  
is the polar moment of inertia of rigid link to point i, and 
g is the gravitational acceleration. The equation motion 
of the system for the computer system analysis can be is 
expressed in general matrix form as 
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where q is the acceleration vector, ( )ah denotes the 
generalized external force vector, λ  is the Lagrange 
multipliers with vector 

( ) 2 t ttq
γ= − − − =   q q qq q q qΦ Φ Φ Φ . The parameter α  

and β  are the feedback compensator in Baumgarte 
stabilization method [19] used to guarantee accuracy of 
the numerical solution. In the forward dynamic analysis, 
new coordinates and velocities require two arrays for q  
and q for the time step t t+ ∆ as 

( ), , ,yields t t   
= = → +∆   
   


 

 

q q
u u u u

q q
 (9) 

At the starting point of the numerical simulation, initial 
configurations of target mechanisms are given according 
to the primary operation in forward dynamics analysis. 

2.2. Formulation of the contact-impact process in 
planar multibody system 

When describing the contact impact event between the 
hoof and ground, we need to determine the state of the 
contact and accurately acquire the relative deformation 
and speed at the instant of contact.  

As shown in Fig. 1, only non-contact scenarios is 
considered in the kinematic model. When the leg contacts 
with the ground, the deformation or penetration is 
estimated as 

,G ny Pδ = −  (10) 

where the nP  is the normal component of the position 
vector or the potential contact point as ,x yK K K =    
(toe-first) or ,x yH H H =    for the case of heel first 
contact. The ground plane Gy  is consistently levelled 

from the lowest point of the locomotive trajectory in the 
sense of the relative indentation.  

( )
( )

0 0
0 0

N

N

F
F

δ δ
δ

δ δ
 > == − ≤ ≥

 (11) 

In Eq. 11, the positive value of δ  is that distance 
represent a separation, while negative values denote 
relative  penetration of the contacting bodies. Therefore, 
the sign of penetration indicates the phase transition from 
swing to stance and vice versa for the case of hoof-
ground contact. By using Eq. 10, it is clear to 
discriminate walking phases and contact forces as 
continuous function of deformation. Based on updated 
position and velocity of potential contact points on the 
hoof ,x yK K K =    or ,x yH H H =   from the 
multibody kinematic analysis, relative normal and 
tangential velocity among the contact points are 
estimated as 

( ) ,
T

n j iv r r nδ= = −    (12) 

similarly, 

( ) ,
T

t j iv r r t= −   (13) 

where t  is the unit vector in tangential direction obtained 
by rotating unit normal vector n  counter-clockwise by 
90 degrees. When bodies come into contact, the normal 
contact force can be estimated with contact force model 
introduced by Lankarani & Nikravesh (1990) [20]. In the 
damping factor model, the crucial parameter known as 
coefficient of restitution was introduced which defines 
the whether contact is fully elastic 1cr =  (or plastic) 

0cr = , resulting impact force model can be written 

( )2

( )

3 1
1 .

4
n

N

cr
F K δδ

δ −

 −
 = +
 
 




 

 (14) 

where cr  denotes the coefficient of restitution which is 
defined as the ratio of relative approach velocity ( )δ +  
and relative departing velocity of ( )δ − . The tangential 
friction force in contact is calculated using modified 
Coulomb friction law [21]. The dynamic friction forces 

fF  in the presence of sliding [22] can be written as 

.f k N f dF F c cµ= −  (15) 

 

Fig. 1.  Representations of foot-ground interactions by 
kinematic model of hoof-ground contact. 
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where kµ  the kinetic friction coefficient. In order to take 
the friction force effect into account, the direction of the 
tangential velocity vector f Tc v=  with the target body 
velocity Tv , which is opposite to direction of motion. dc  
is the dynamic correction coefficient given by [21]. If the 
normal force NF  is obtained from a contact with a force-
deformation (Eq. 14.) of contact force model, a logical 
point-to-point spring-damper element [23] is only active 
during the period of contact in normal and tangential 
direction as shown in kinematic model in Fig. 1. Finally, 
absolute values of the force vector in normal and 
tangential defines the resultant ground reaction forces 

N fGRF F F= + exerted when the hoof press against 
the ground. 

3. Results 

According to the MBD formulation above, the 
constitutive contact force model is calculated 
numerically with kinematic and dynamic analyses, which 
allow to visualize temporal evolutions of the locomotive 
trajectory, resultant ground reaction force of the leg 
mechanism.  
 

Table 1.  Parameters used in the numerical simulation. 

Kinematic/Dynamic analysis 
Gravitational acceleration 
[m/s2] g 9.81 

The velocity of the driving 
crank [rad/s] 𝜔𝜔 2𝜋𝜋 

Total simulation time [s] t 0 ≤ t ≤ 1 
Baumgarte parameter α 15 
Baumgarte parameter β α2  
Time step [s] dt 1.0×10-3 

Contact force analysis 

Stiffness [N/m] K 2×104 

Coefficient of restitution cr  0 1cr≤ ≤  
Coefficient of kinetic friction kµ  0.4 

Table 1 displays the parameters used in the numerical 
simulation for contact force analyses of horse leg 
mechanisms. Matlab-based numerical simulation was 
performed with a combination of the Euler method with 
the time step of 31 10 .s−× For the contact analysis to 
prevent an unnatural rise of ground reaction force, the 
stiffness is no smaller than 42 10× N/m for the contacting 
bodies is considered according to simulation in [24]. It’s 
simply that the ground deformation is equivalent to the 

resultant motion of the stiffness-damping system under 
the compression. Two trajectories were selected as 
typical trajectories to reproduce walking and running 
gaits according to the mechanics of the simple model, 
which are generated by changing the control parameters 
associated with driver constraint in the horse leg 
mechanism.  
As shown in Fig.2, the 1st trajectory considered to be a 
walking in term of duty factor and step length, the 
relation was evaluated in previous study. The 2nd 

trajectory which has longer step length compared to the 
1st trajectory considered to be running gait in which leg 
orientation controlled by swinging motion with respect to 
the body, which may potentially generate the propulsive 
ground reaction force due the intrinsic high rate of 
angular oscillation at the hoof. 
In the temporal evaluation of the hoof angle as shown in 
Fig. 3, walking and running gaits were generated in 
accordance with the first and second trajectories in Fig. 

 

Fig. 2.  Gait trajectories generated from the horse leg motion. 
Walking (a), Running (b). 
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2. In the waling gait, the transition of sub-phases 
commonly occurred in the rolling motion of the triangle 
structure in both cases. In the walking gait, those sub-
phases from heel-strike, flat and toe-off were gradually 
generated (Fig. 3(a). top), which is consistent with the 

gradual change of the hoof angle (Fig.3 (b).  top), while 
in the running gait, the transition started from the toe-
strike that causes the roll-over sub-phase quickly and 
then reached to the toe-off sub-phase with a large gap 
from the ground rather than that in the walking gait. The 
result was numerically examined as the first contact 
occurs at instant time 1 0.267t s=  and 1 6.83α = −  leaves 
the ground at 3 0.569st = and 1 20.9α = −  for the 1st 
(walking) trajectory. In the case, the hoof rolling over the 
ground and during the mid-stance multiple contact points 
were examined at 1 0.23α = −  degree in which hoof was 
almost parallel with the ground. When the hoof leaves the 
ground, angular variation during the contact phase was 
reached 26  degrees. For the 2nd (running) trajectory, the 
contact phenomenon occurred at the instant time 

1 0.208t s=  and 1 6.20α =   firstly, shifted to leaving 
from the ground at 3 0.478st =  and 1 71.08α =  . Finally, 
the hoof angle was reached 64.8 degrees, which is 
approximately 2.5 times larger than the result in the 
walking gait. Interestingly, the hoof-ground interaction 
was significantly influenced by the initial impact 
phenomenon, which differentiate the grounding part 
either heel or toe and it reflects to successive sub-phases 
too. Even in the simple model, the differentiation was 
clearly observed not only in the trajectory level as a 
posture and kinematic analysis but also in the kinetic 
level as the dynamics analysis, which is easily extended 
to the energy analysis. All these sub-phases are 
characterized as representative sub-phase to reconstruct 
the target gait and it can provide the parametric analysis 
with stiffness and damping, which is associated with an 
actual parameter from soft tissues in the distal limb. It is 
because that the compliant contact force model was 
theoretically described as shown in the method section, 
which allow to change those parameters related to 
reaction forces easily. 

In the Matlab based numerical simulation, ground 
reaction forces were evaluated by using Lankarani & 
Nikravesh [20] model by changing restitution 
coefficients as 1cr =  for elastic and 0cr =  for inelastic 
contact cases. According to the analysis, the maximum 
contact force was obtained as 453.65N for the 1st 

(walking) trajectory in the inelastic contact condition and 
175.34N in the elastic case. Average normal force was 
80.83N and 34.88N respectively. For the 2nd (running) 
trajectory, the maximum GRF was 8.694kN for the 

 

Fig. 3.  Hoof angle variations with respect to the locomotive 
trajectory. Angular rotation of hoof in one locomotive cycle of 
walking gait (a) and running gait (b). 

509



Dondogjamts Batbaatar, Hiroaki Wagatsuma 

© The 2021 International Conference on Artificial Life and Robotics (ICAROB2021), January 21 to 24, 2021 

inelastic contact condition and 5.719kN in the elastic 
case. Average normal force was 978N and 800N 
respectively. Result showed that the significant reduction 
of ground reaction force with respect to the viscoelastic 
contact was estimated as 61.35% in 1st trajectory and 
34.22% in 2nd trajectory. In the walking trajectory, 
multiple point support occurring in which hoof loaded the 
body weight at mid-stance as shown in Fig. 4(a), the 
maximum pressure or force peak indicated in only when 
the leg first impact and leaves the ground which was 
consistent with the force pattern observed in the human 
walking gait [25,26]. 

4. Conclusion and Discussion 

For the sake of the establishment of the generalized 
analysis of the viscoelastic effect with respect to various 
gait patterns, we introduced a novel theoretical method 
as the integrative framework of the multibody dynamics 
and contact force model and then the computational 
analysis clearly demonstrated results in four different 
conditions from the combination of walking/running and 
elastic/inelastic contact. In the simplification of the hoof 
mechanism by using a triangle structure to focus on three 
nodes as heel, ankle and toe, the result revealed not only 
the two peak generation in the temporal evolution of the 
ground reaction force during the stance phase of the 
walking gait, but also a single peak observation in the 
case of the running gait. The phenomenon was generated 
from that wheel-like rolling motion of the hoof support 
and stabilizes the body in mid-stance, and partially 
consistent with the observation in the human foot-ground 
interaction [1,10]. In spite of the existence of the 
complexity in the horse leg structure, our computational 
result suggested a possible way to analyze the spring-
damper effect embedded in principle to the biological 
mechanism for absorbing the ground reaction force 
flexibly as a common tendency of the walking and 
running gaits. The analysis with damping factor model 
by Lankarani & Nikravesh (1990) realized the fact that a 
soft grounding effectively reduces the ground reaction 
force. In the actual phenomenon due to the interaction in 
the musculoskeletal systems such as a vibration from the 
sensory feedback loop [27,28], the further detail 
modeling is crucial. Phenomenologically in the level of 
the force generation, we successfully observed a time 
delay in a peak in the force time profile specifically in 
running gaits, which indicates an intrinsic behavior due 
to the damping factor is highly important in the kicking 
motion of the hoof. The phenomenon is also need to be 
verified with more detail leg models and evidences from 
the biological system [29,30]. Further considerations are 
possible to compare in the energy consumption due to the 
elasticity [18] and robotic application [31]. Geometric 
characteristics of the hoof is of interest to researchers 
studying on the biological nature mechanical in the hoof 
shape and its influence in joint angles and contact timing 
[32,33].  
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