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Abstract 

In this paper, a multi-scroll conservative chaotic system with sinusoidal nonlinearity is studied. Based on theoretical 
analysis and numerical analysis, such as equilibrium point and its stability analysis, Lyapunov exponent spectrum 
and bifurcation diagram, the system is found to show some complex dynamics. In addition, NIST test also verify that 
the pseudo randomness of the proposed system is satisfactory. 

Keywords: multi-scroll, conservative, NIST test 

1. Introduction

In 1993, Suykens1 first proposed a method to generate n-
double scroll attractors by adding breakpoints. Compared 
with single scroll chaotic system or double scroll chaotic 
system, multi-scroll chaotic system has more control 
parameters and corresponding key parameters. In addition, 
it can present complex multi-directional grid like vortices 
in phase space. The number and shape of vortices can also 
be controlled and adjusted by the parameters of the system. 
It has more complex dynamic behavior and is more 
conducive to image encryption. Therefore, multi-scroll 
chaotic systems have attracted many attentions, and 
different types of multi-scroll chaotic systems have been 
reported, such as unidirectional (1D) multi-scroll chaotic 
systems2,3, bidirectional (2D) multi-scroll chaotic 
systems4-8, three-dimensional (3D) multi scroll chaotic 
systems9, and multi-directional multi-scroll chaotic 
systems10-12. In addition, the realization of chaotic system 
based on FPGA is also studied13,14. In three-dimensional 
differential equations, the general jerk system has fewer 
terms, so chaotic systems based on general jerk system 
have been widely studied15-19. In practical application, the 
increase of vortex number in chaotic system is realized by 

increasing the number of equilibrium points. Due to the 
periodicity of sinusoidal functions, many researchers 
design multi-scroll chaotic systems by modifying the 
expression of sinusoidal functions or adding control 
functions to chaotic systems with sinusoidal 
functions15,16,18,20-22. 

However, there are few studies on the multi-scroll 
attractors of conservative chaotic systems. In this paper, a 
new conservative chaotic system is constructed by using 
sinusoidal function. Through Lyapunov exponent diagram, 
bifurcation diagram and phase diagram, it is found that 
there are different attractors with different scroll numbers 
in the case of different initial values.  

2. Construction of Four-dimension Conservative
System

Firstly, a new four-dimension conservative system is 
constructed. It can be expressed as:  

𝐱𝐱
.

= 𝐽𝐽(𝐱𝐱)∇𝐻𝐻(𝐱𝐱) �

0 𝑎𝑎 0 𝑏𝑏𝑏𝑏
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Where, 𝐽𝐽(𝐱𝐱) = �
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Secondly, set (𝑎𝑎, 𝑏𝑏, 𝑐𝑐) = (4, 4, 4), equation (1) can be 
described as: 
 

⎩
⎨

⎧𝑥𝑥
.

= 4𝑦𝑦 + 4𝑦𝑦𝑦𝑦
𝑦𝑦
.

= −4𝑥𝑥
𝑧𝑧
.

= 4𝑤𝑤
𝑤𝑤

.
= −4𝑥𝑥𝑥𝑥 − 4𝑧𝑧

                                       (2) 

 
Where x, y, z and w is the state variable, and a, b, c is 

system parameter, respectively.  

2.1. Conservative characteristics of system (2) 

The divergence of the system (2) is 
 

𝛻𝛻𝑓𝑓 =
𝜕𝜕𝑥̇𝑥
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝑦̇𝑦
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝑧̇𝑧
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝑤̇𝑤
𝜕𝜕𝜕𝜕

= 0                   (3) 

 
Moreover, the time domain derivative of the energy 
function is 
 

𝐻𝐻
.

= ∇𝐻𝐻(𝐱𝐱)𝑇𝑇𝐽𝐽(𝐱𝐱)∇H(𝐱𝐱) = 0                    (4) 
 
According to the above analysis, the system satisfies 
both Hamiltonian energy conservation and volume 
conservation. 

2.2. Equilibrium point of the system (2) 

The equilibrium point of the system (2) is obtained as 
(0, 0, 0, 0) , and the corresponding eigenvalue is 
(6𝑖𝑖,−6𝑖𝑖, 6𝑖𝑖,−6𝑖𝑖). Set ∇𝐻𝐻 = (sin(𝑥𝑥) ,𝑦𝑦, 𝑧𝑧,𝑤𝑤), an infinite 
number of equilibrium points are obtained. And equation 
(2) can be express as: 
 

⎩
⎨

⎧𝑥𝑥
.

= 4𝑦𝑦 + 4𝑦𝑦𝑦𝑦
𝑦𝑦
.

= −4sin (𝑥𝑥)
𝑧𝑧
.

= 4𝑤𝑤
𝑤𝑤

.
= −4𝑠𝑠𝑠𝑠𝑠𝑠(𝑥𝑥)𝑦𝑦 − 4𝑧𝑧

                              (5)  

 
It can be found that the equilibrium point of the system (5) 
is (𝑘𝑘𝑘𝑘, 0, 0, 0), 𝑘𝑘 ∈ 𝑍𝑍∗. When the equilibrium point meets 
(2𝑘𝑘𝑘𝑘, 0, 0, 0) , the corresponding eigenvalue is 
(4𝑖𝑖,−4𝑖𝑖, 4𝑖𝑖,−4𝑖𝑖) , and the equilibrium point type is a 

center point; when the equilibrium point is ((2𝑘𝑘 −
1)𝜋𝜋, 0, 0, 0) , the corresponding eigenvalue is 
(4,−4, 4𝑖𝑖,−4𝑖𝑖), and the type of the equilibrium point is an 
unstable saddle point. 

3. The Dynamic Characters of the System (5) 

In this part, the dynamic characteristics of the system (5) 
are analyzed through Lyapunov exponent spectrum and 
phase diagram .  

3.1. Lyapunov exponent spectrum of the system (5) 

Set the initial value (𝑥𝑥, 𝑦𝑦, 𝑧𝑧,𝑤𝑤) = (𝑥𝑥(0), 1, 1, 1) , 
Lyapunov exponent diagram of the system (5) with the 
change of the initial 𝑥𝑥(0) is shown in Fig. 1.  

Fig. 1. Lyapunov exponent diagram 
 

It can be seen from Fig. 1 that the Lyapunov exponent of 
the system (5) is symmetric about the x-axis, and the 
maximum exponent is always greater than 0, so the system 
is always in a chaotic state. Secondly, the Lyapunov 
exponent of the system shows a periodic distribution of 
2𝜋𝜋. 

3.2. Multi-stability of the system (5) 
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Fig. 2. Coexistence of three independent scrolls 

(a) 11-scrolls  

(b) 13-scrolls 

(c) 16-scrolls 
Fig. 2. Different numbers of multi-scroll flows with the 

change of initial value 
 

It can be found that different flows of the system (5) will 
appear with the change of initial value, which are shown 

in Fig. 2 and Fig. 3. When the initial value is (𝜋𝜋
3

+
2𝑘𝑘𝑘𝑘, 1, 1, 1)(𝑘𝑘 = 0, 1, 2) , there are three independent 
scroll flows in the system (5), which are represented by 
blue, pink and purple lines in Fig. 2. When the initial value 
is (𝜋𝜋

2
+ 2𝑘𝑘𝑘𝑘, 1, 1, 1)(𝑘𝑘 = 0, 1, 2) , there are 11-scrolls 

flow, 13-scrolls flow and 16-scrolls flow in the system (5), 
which are represented by blue, pink and purple lines in Fig. 
2. According to the above analysis, it can be seen that the 
coexistence of different multi-scrolls flows with the 
change of different initial values illustrates the multi-
stability of the system (5). 

3.3. Grid type multi-scroll flows 

In the above, multi-scroll flows are obtained in the system 
(5) in the x-axis direction by expanding the equilibrium 
point in the x-axis direction. Similarly, the construction of 
the grid type multi-scroll flows needs to expand the 
equilibrium point in the x-axis and Y-axis directions. Set 
∇𝐻𝐻 = (𝑓𝑓(𝑥𝑥), 𝑓𝑓(𝑦𝑦), 𝑧𝑧,𝑤𝑤), and equation (2) can be express 
as: 
 

⎩
⎨

⎧𝑥𝑥
.

= 4𝑓𝑓(𝑦𝑦) + 4𝑓𝑓(𝑦𝑦)𝑤𝑤
𝑦𝑦
.

= −4𝑓𝑓(𝑥𝑥)
𝑧𝑧
.

= 4𝑤𝑤
𝑤𝑤

.
= −4𝑓𝑓(𝑥𝑥)𝑓𝑓(𝑦𝑦) − 4𝑧𝑧

                     (6) 

 
Where 𝑓𝑓(𝑥𝑥) and 𝑓𝑓(𝑦𝑦) satisfy mapping: 
 

𝑓𝑓(𝑢𝑢) = �
𝑢𝑢 + 𝑁𝑁,    𝑢𝑢 < −𝑁𝑁

sin(𝑢𝑢) ,−𝑁𝑁 ≤ 𝑢𝑢 ≤ 𝑁𝑁
𝑢𝑢 − 𝑁𝑁,    𝑢𝑢 > 𝑁𝑁

 ,𝑁𝑁 = 2𝑛𝑛𝑛𝑛,𝑛𝑛 ∈ 𝑍𝑍∗        (7) 

 
It can be found that the equilibrium point of the system 

is (𝑘𝑘𝑘𝑘, 𝑘𝑘𝑘𝑘, 0, 0), 𝑘𝑘 ∈ 𝑍𝑍∗. When the equilibrium point is 
(2𝑘𝑘𝑘𝑘, 2𝑘𝑘𝑘𝑘, 0, 0) and ((2𝑘𝑘 − 1)𝜋𝜋, (2𝑘𝑘 − 1)𝜋𝜋, 0, 0) , the 
corresponding eigenvalue is (4𝑖𝑖,−4𝑖𝑖, 4𝑖𝑖,−4𝑖𝑖)  and the 
equilibrium point type is a center point. When the 
equilibrium point is ((2𝑘𝑘 − 1)𝜋𝜋, 2𝑘𝑘𝑘𝑘, 0, 0)  and 
(2𝑘𝑘𝑘𝑘, ((2𝑘𝑘 − 1)𝜋𝜋, 0, 0), the corresponding eigenvalue is 
(4,−4, 4𝑖𝑖,−4𝑖𝑖) and the type of the equilibrium point is an 
unstable saddle point. 

In addition, the scroll of the system (6) will be generated 
at the center point, and the bond band will be generated at 
the unstable saddle point. When 𝑁𝑁 = 2𝑛𝑛𝑛𝑛 , the 
equilibrium point of the system (6) has (2𝑛𝑛)2 + (2𝑛𝑛 +
1)2  central points and 4𝑛𝑛 × (2𝑛𝑛 + 1)  unstable saddle 
points. Then, a multi-scroll flow with (4𝑛𝑛 + 1) × (4𝑛𝑛 +
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1)  grid type is formed, it is composed of (2𝑛𝑛)2 +
(2𝑛𝑛 + 1)2 vortices and 4𝑛𝑛 × (2𝑛𝑛 + 1) bond bands.  

Set 𝑛𝑛 =  1, 2, 5 × 5 and 9 × 9 grid type multi-scroll 
flows are shown in Fig. 3. 

(𝑎𝑎) 5 × 5 grid type multi-scroll flow 

(b) 9 × 9 grid type multi-scroll flow 
Fig. 3. grid type multi-scroll flows 

3.4. NIST test of system (6) 

At present, NIST SP800-22 standard is the most widely 
used and authoritative standard used to detect the pseudo-
random sequence generated by the system (6). It has 15 
test indexes. The ideal random sequence is taken as a 
reference to test the deviation degree of pseudo-random 
sequence from different angles in statistical characteristics. 
It is generally believed that the sequence that can pass the 
detection has a good pseudo-random performance. Each 
test of SP800-22 standard will provide the pass rate and 
the uniformity of P value distribution. If the significance 
level 𝛼𝛼 =  0.01  and the test sequence is group 𝛽𝛽 , the 
confidence interval of  the passing rate can be defined as: 
 

�1 − 𝛼𝛼 − 3�
𝛼𝛼(1 − 𝛼𝛼)

𝛽𝛽
, 1 + 𝛼𝛼 − 3�

𝛼𝛼(1 − 𝛼𝛼)
𝛽𝛽

�           (8) 

 
The test conditions used in this paper are: significance 
level a = 0.01, test sequence B = 100, length of each group 
is 10bit, and the confidence interval is 1. The test results 
are shown in Fig. 4.  
 

 
Fig. 4. The results of NIST test 

 
The performance of pseudo-random sequence is 

comprehensively analyzed in the experiment. The 
experiment can pass only when the following conditions 
are met: 
• All P-values must be greater than significance level 𝛼𝛼. 
• The pass rate must be in the confidence interval. 
• P-values must be evenly distributed. 
  It can be seen from Fig. 4 that the system (6) has passed 
the test and proved that the system has good pseudo 
randomness. 

In this paper, taking Non-Overlapping Template as an 
example, the system (6) can be found to satisfy the uniform 
distribution of P-value. P-value distribution of Non-
Overlapping Template is shown in Fig.5. 
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Fig. 5. P-value distribution of Non-Overlapping Template 

4. Conclusion 

In this paper, a four-dimensional conservative system with 
a unique equilibrium point is constructed. Firstly, the sine 
function is introduced to extend the equilibrium point in 
the x-axis direction so that it has a linear equilibrium point 
with infinite extension in the x-axis direction. Secondly, it 
is found that the system (5) has different numbers of multi-
scroll flows under different initial values, which proves 
that the system has multi-stability. Thirdly, by introducing 
a sinusoidal function to extend the equilibrium points in 
the x-axis and Y-axis directions, a controllable grid type 
multi-scroll flow is found. Finally, the system is tested by 
NIST, and the test results show that the system has good 
pseudo randomness. 
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