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Abstract 

This paper investigates the distributed multi-target rotating encirclement formation problem of strict-feedback multi-
agent systems using the targets’ bearing angles and the agents’ known positions, where all agents are forced to achieve 
even circular formation around the targets' geometric center. Firstly, an estimator is proposed for each agent to local-
ize the neighbor targets. Secondly, based on the trajectory planning method, a reference trajectory is constructed by 
three estimators, which are used to obtain the targets' geometric center, the reference rotating radius and angular. 
Then, the proposed adaptive neural dynamic surface control law forces each agent to move along the reference tra-
jectory, which satisfies the multi-target rotating encirclement formation conditions. 

Keywords: Strict-feedback multi-agent systems, rotating encirclement control, target localization, trajectory plan-
ning, trajectory tracking 

1. Introduction 

Recent years the rotating encirclement formation prob-
lem of multi-agent systems have attracted considerable 
attention due to its significant potential applications in 
both military and civilian areas such as surveillance, 
search-and-rescue, reconnaissance, etc1.  Many interest-
ing results have been achieved for the rotating formation 
or surrounding/encirclement control problem1-7. 

As one of the most important high-order systems, the 
strict-feedback system can be used to model a variety of 
physical systems including robotic manipulators, vessel, 
unmanned aerial vehicle and so on8. And recent years 
have witnessed the emergence of researches with respect 
to the strict-feedback single/multi-agent system8-11. How-
ever, there is no research to date on the rotating encircle-
ment control of high-order multi-agent system.  

 
* Corresponding author. 

Motivated by above discussion, for the first time, we 
consider the multi-target rotating encirclement formation 
problem of strict-feedback multi-agent systems, and only 
bearing measurements of targets can be obtained.  To this 
end, we divide the problem into three subproblems: target 
localization, trajectory planning and trajectory tracking. 
Four estimators are designed to construct a reference tra-
jectory for each agent, and an adaptive neural dynamic 
surface control law is proposed to make the agent move 
along the desired trajectory. 

2. Preliminaries and Problem Statement 

2.1. Graph Theory 

Let 𝒢ሺ𝒱,ℰ,𝒜,ℬሻ be a weighted undirected graph corre-
sponding to 𝑛  agents and 𝑚  targets, where 𝒱 ൌ
ሼ𝑣ଵ,𝑣ଶ,⋯ ,𝑣, 𝑠ଵ,⋯ , 𝑠ሽ denotes the set of vertexes, ℰ ⊂
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𝒱 ൈ 𝒱 denotes the set of edges, 𝒜 ൌ ሾ𝑎ሿ ∈ Rൈ denotes 
the weighted adjacency matrix of targets, ℬ ൌ ሾ𝑏ሿ ∈
Rൈdenotes the weighted adjacency matrix from targets 
to agents.  Let 𝑑൫𝑣 ,𝑣൯ denote the shortest distance from 
the vertex 𝑣 to 𝑣, for instance, 𝑑൫𝑣 ,𝑣൯ ൌ 1 if ൫𝑣,𝑣൯ ∈
ℰ. The neighbor agents set of the agent 𝑣 is denoted by 
𝒩𝒾 ൌ ሼ𝑣 ∈ 𝒱|ሺ𝑣 ,𝑣ሻ ∈ ℰሽ and the neighbor targets set of 
the agent 𝑣  is denoted by 𝒩𝒾

𝒯 ൌ ሼ𝑠 ∈ 𝒱|ሺ𝑣 , 𝑠ሻ ∈ ℰሽ . 
The neighbor agents set of the target 𝑠  is denoted by 
𝒩𝓀

ℐ ൌ ሼ𝑣 ∈ 𝒱|ሺ𝑣 , 𝑠ሻ ∈ ℰሽ. And let | ⋅ | denote the number 
of elements in the set ⋅. 

2.2. Problem Statement 

Consider a multi-agent system consisting of 𝑛 agents (In-
dex set ℐ ൌ ሼ1,2,⋯ ,𝑛ሽ) and 𝑚  stationary targets (Index 
set 𝒯 ൌ ሼ1,2,⋯ ,𝑚ሽ ) with bearing-only measurements, 
where the dynamic of agent 𝑣 is in the following 𝑞-or-
der strict-feedback form. 

ቐ
𝑥ሶ ൌ 𝑓൫�̅�൯  𝑥ାଵ
𝑥ሶ ൌ 𝑓൫�̅�൯  𝑢
𝑦 ൌ 𝑥ଵ

                         (1) 

where �̅� ൌ ൣ𝑥ଵ
 ,⋯ , 𝑥

 ൧
T , and �̅� , 𝑦 ,𝑢 ∈ Rଶ  represent the 

states, output and control input of agent 𝑣, respectively. 
𝑓൫�̅�൯ is an unknown continuous nonlinear function. 

The objective of this note is to design the distributed 
control scheme using bearing-only measurements of tar-
gets and the neighbor position information of agents, 
such that strict-feedback agents are capable of achieving 
the multi-target rotating encirclement formation, which 
is properly formulated by Definition 1 using the polar co-
ordinate transformation using the polar coordinate trans-
formation 𝑦 ൌ �̅�  ሾ𝑙cosሺ𝜃ሻ, 𝑙sinሺ𝜃ሻሿ. 

Definition 15.  The multi-agent system is said to achieve 
the multi-target rotating encirclement formation if  

lim
௧→∞

𝑙 െ 𝜆max‖
∈𝒯

𝑟 െ �̅�‖൨ ൌ 0                   (2) 

lim
௧→∞

ቂ𝜃 െ 𝜃 െ
ଶగሺିሻ


ቃ ൌ 0                       (3) 

lim
௧→∞

ൣ𝜃ሶ െ 𝜔൧ ൌ 0                                      (4) 

Where 𝑖, 𝑗 ∈ ℐ, 𝑟 and �̅�ሺ𝑡ሻ ൌ 1/𝑚∑ 𝑟∈𝒯  denote the posi-
tion of the 𝑘-th target and the geometric center of all tar-
gets respectively. The design parameter 𝜆  1 determines 
the radius of the desired rotation formation. And 𝜔 is the 
desired angular velocity.  

To facilitate the later control design and analysis, we 
make some reasonable assumptions. 

Assumption 1. All agents are connected in some undi-
rected communication topologies and each target con-
nectes to at least one agent via the directed edge. 
Assumption 2.  The radius of the desired rotation for-
mation is bounded, i.e., there exists a positive constant 𝑑∗ 
satisfying max∈𝒯‖𝑟 െ �̅�‖  𝑑∗.  
Assumption 3. The desired angular velocity 𝜔 and an-
gular acceleration 𝜔ሶ  are continuous and bounded, i.e., 
there exists positive constants 𝜔∗  and 𝜔ௗ

∗  such that 
‖𝜔‖  𝜔∗, ‖𝜔ሶ ‖  𝜔ௗ

∗ . 

3. Control Design 

In this section we present in detail the distributed multi-
target rotating encirclement control scheme, which in-
cludes three parts: target localization, trajectory planning 
and trajectory tracking. 

3.1.  Target Localization 

To estimate the neighbor target’s position of agent 𝑣 
with bearing-only measurements, the following estimator 
is proposed according to Ref. 7. 

�̂�ሶ ൌ 𝛼൫𝐼 െ 𝜑𝜑
 ൯ሺ𝑥ଵ െ �̂�ሻ                  (5) 

Where 𝑘 ∈ 𝒩𝒾
𝒯 , 𝛼  is a positive design parameter, and 

𝜑  is the unit vector from 𝑥  to 𝑟 , i.e., 𝜑 ൌ ሺ𝑟 െ
𝑥ሻ/‖𝑟 െ 𝑥‖. 

3.2. Trajectory Planning 

For each agent 𝑣, to plan a reference trajectory satisfying 
the Definition 1, we design the following distributed es-
timators to obtain the estimations 𝑝 , 𝑙መ and 𝜃 of the de-
sired geometric center �̅�, polar radius 𝑙 and polar angle 
𝜃, respectively. 

൞

𝑝ሶ ൌ 𝛽 ∑ 𝑎ൣ𝑝 െ 𝑝൧∈𝒩𝒾

            𝛽𝑏ሾ�̂� െ 𝑝ሿ

𝑝 ൌ
ଵ


∑ 𝑝

ୀଵ

                                (6) 

⎩
⎪
⎨

⎪
⎧
𝜌ሶଵ ൌ 𝛾ଵmax∈𝒩𝒾

𝒯ሺ‖�̂� െ 𝑝‖ሻ െ 𝜌ଵ
𝜌ሶଶ ൌ 𝛾ଶmax∈𝒩𝒾 ⋃ሼሽሺ‖𝜌ଵ‖ሻ െ 𝜌ଶ
                                  ⋮
𝜌ሶெ ൌ 𝛾ெmax∈𝒩𝒾 ⋃ሼሽሺ‖𝜌ெିଵ‖ሻ െ 𝜌ெ
𝑙መ ൌ 𝜆𝜌ெ

            (7) 

𝜃ሶ ൌ 𝛿 ∑ 𝑎 ቂ𝜃 െ 𝜃 െ
ଶగሺିሻ


ቃ  𝜔∈𝒩𝒾

           (8) 

Where 𝛽 , 𝛾ଵ,⋯ , 𝛾ெ, 𝛿  are positive design parameters, 
and 𝑀 ൌ max,∈ℐሼ𝑑ሺ𝑖, 𝑗ሻሽ, which can be chosen as 𝑀 ൌ
𝑛 െ 1 if it is not prior information. 

Then, with the polar coordinate transformation, the ref-
erence trajectory of agent 𝑣 is provided as follows. 
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𝑦ො ൌ 𝑝  ൣ𝑙መcos൫𝜃൯, 𝑙መsin൫𝜃൯൧

                  (9) 

3.3. Trajectory Tracking 

Similar to the backstepping-based DSC design procedure, 
we define dynamic surface errors as follows. 

൜
𝑧ଵ ൌ 𝑥ଵ െ 𝑦ො
 𝑧 ൌ 𝑥 െ �̂�

                               (10) 

Where �̂�ሺ𝑡ሻ is the first-order filter estimation of the vir-
tual controller 𝜂ሺ𝑡ሻ with the time constant 𝜏  0 and 
the filter error is denoted by 𝜂 ൌ �̂� െ 𝜂. 

𝜏�̂�ሶ  �̂� ൌ 𝜂 , �̂�ሺ0ሻ ൌ 𝜂ሺ0ሻ                  (11) 
Then, we will present the following virtual and actual 

controllers and adaptive law such that each agent moves 
along its desired reference trajectory.  

ቐ
𝜂𝑖𝑗 ൌ െ𝜅𝑖𝑗𝑧𝑖𝑗 െ 𝑊ෝ 𝑖𝑗

T
𝑆𝑖𝑗ሺ𝜁𝑖𝑗ሻ

𝑢𝑖 ൌ െ𝜅𝑖𝑞𝑖𝑧𝑖𝑞𝑖 െ 𝑊ෝ 𝑖𝑞𝑖

T
𝑆𝑖𝑞𝑖ሺ𝜁𝑖𝑞𝑖

ሻ
                     (12) 

𝑊ሶ  ൌ െΓ
ିଵൣ𝜎𝑊 െ 𝑆൫𝜁൯𝑧

൧                (13) 
Where Γ ൌ Γ

  0 is an adaptive gain matrix, 𝑊  and 
𝑆ሺ𝜁ሻ  represent the estimation of the optimal weight 
matrix 𝑊  and the basis function vector respectively. 
And 𝜅, 𝜎 are positive design parameters. 

4. Main Results 

With the proposed control scheme in Section 3, we can 
easily obtain the following reasonable results. 
Lemma 1.  Consider the estimator (5) under Assump-
tions 1-2. Then for any 𝑖 ∈ ℐ, 𝑘 ∈ 𝒯, the estimation posi-
tion �̂� will asymptotically converge to the actual posi-
tion 𝑟 of the 𝑘-th target. 
Proof. The proof is similar to Theorem 3.1 in Ref. 7.     

Then, we define the estimation of the targets’ geomet-
ric center as follows. 

 �̅̂� ൌ ଵ


∑ ∑ ଵ

ห𝒩𝓀
ℐห
�̂�∈𝒩𝒾

𝒯

ୀଵ                      (14) 

Apparently, �̅̂� will asymptotically converge to the ac-
tual geometric center �̅�. 
Lemma 2.  Consider the estimator (6) under Assump-
tions 1-2. For any 𝑖 ∈ ℐ, the estimation position 𝑝 will as-
ymptotically converge to �̅̂�. 
Proof. The proof is similar to Lemma 4 in Ref. 5.. 

Then, combining lemma 1 with lemma 2, we can con-
clude that the estimation position 𝑝 of the 𝑖-th agent will 
asymptotically converge to the actual geometric center �̅�. 
Lemma 3.  Consider the estimator (7) under Assump-
tions 1-2. For any 𝑖 ∈ ℐ, the following equation holds. 

lim
௧→∞

ቂ 𝑙መ െ 𝜆max∈ℐ,∈𝒩𝒾
𝒯ሺ‖�̂� െ 𝑝‖ሻቃ ൌ 0         (15) 

In other words, the estimation  𝑙መ𝑖 of the polar radius will 
asymptotically converge to the above value. 
Proof. The proof is similar to Lemma 5 in Ref. 5.     

Furthermore, with Lemma 1 and Lemma 2, it is easy 
to see that lim

௧→∞
ൣ 𝑙መ െ 𝜆max∈𝒯ሺ‖𝑟 െ �̅�‖ሻ൧ ൌ 0, which im-

plies that 𝑙መ satisfies the condition (2). 
Lemma 4.  Consider the estimator (8) under Assump-
tions 1-3. For any 𝑖, 𝑗 ∈ ℐ, the following equations hold. 

lim
௧→∞

ቂ𝜃 െ 𝜃 െ
ଶగሺିሻ


ቃ ൌ 0                   (16) 

lim
௧→∞

ቂ𝜃ሶ െ 𝜔ቃ ൌ 0                           (17) 

In other words, the estimation  𝜃𝑖 of the polar angle sat-
isfies conditions (3) and (4). 
Proof. The proof is similar to Lemma 6 in Ref. 5.     

Thus, from the polar coordinate transformation of (9), 
we can easily conclude that the reference trajectory 𝑦ො 
satisfies conditions of the multi-target rotating encircle-
ment formation in Definition 1. 

Then, we will carry on the stability analysis of the pro-
posed control scheme (12) and (13), which drives the out-
put 𝑦 of the agent 𝑣 to the reference trajectory 𝑦ො. Since 
the neural network is capable of approaching any contin-
ual nonlinear function with free precision (See Lemma 2 
in Ref. 8 for details), we make the following reasonable 
approximation. 

𝜙ଵ ൌ 𝑊ଵ
𝑆ଵሺ𝜁ଵሻ  𝜀ଵሺ𝜁ଵሻ

        ൌ 𝑓ଵሺ�̅�ଵሻ െ 𝑦ොሶ
𝜙 ൌ 𝑊

𝑆൫𝜁൯  𝜀ሺ𝜁ሻ

        ൌ 𝑓൫�̅�൯  𝜂/𝜏  𝑧ିଵ

                 (18) 

Where ฮ𝜀ሺ𝜁ሻฮ ൏ 𝜀
∗ , 𝜀

∗  is an arbitrarily small constant 
and denote 𝑊෩ ൌ 𝑊 െ𝑊. 

Choose a common Lyapunov function candidate as 
𝑉 ൌ

ଵ

ଶ
∑ ሾ𝑧

𝑧  trሺ𝑊෩
Γ𝑊෩ሻሿ 

ଵ

ଶ
∑ 𝜂

 𝜂

ୀଶ


ୀଵ . Thus, by 

calculating the time derivative of 𝑉, we have 
𝑉ሶ ൌ ∑ 𝑧

 ሾെ𝜅𝑧 

ୀଵ 𝑊෩

𝑆ሺ𝜁ሻ  𝜀ሺ𝜁ሻሿ

           ∑ 𝑧ିଵ
 𝜂


ୀଶ  ∑ tr ቀ𝑊෩

Γ𝑊෩
ሶ
ቁ


ୀଵ

           ∑ 𝜂
 𝜂ሶ


ୀଶ

      (19) 

The dynamic of the filter error 𝜂 can be written as  

𝜂ሶ ൌ െ
ఎೕ
ఛೕ
 𝜋ቀ𝑧̅ , 𝜂̅ ,𝑊ഥିଵ,𝑌ቁ               (20) 

Where we denote 𝑧̅ ൌ ൣ𝑧ଵ
 ,⋯ , 𝑧

 ൧


, 𝜂̅ ൌ ൣ𝜂ଶ
 ,⋯ , 𝜂

 ൧


, 

𝑊෩ഥ ൌ ൣ𝑊෩ଵ
,⋯ ,𝑊෩

൧
T
 and  𝑌 ൌ ൣ𝑦ො

, 𝑦ොሶ
, 𝑦ොሷ

൧


. 

Therefore, substituting the adaptive law (13) and (20) 
into (19), we obtain 
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𝑉ሶ ൌ െ∑ 𝜅𝑧
𝑧


ୀଵ െ ∑ 𝑧

𝜀൫𝜁൯

ୀଵ

          ∑ 𝜎tr൫𝑊෩
𝑊൯


ୀଵ െ ∑

ఎೕ
ఎೕ
ఛೕ


ୀଶ

          ∑ 𝑧ିଵ
 𝜂


ୀଶ  ∑ 𝜂

 𝜋

ୀଶ

             (21) 

According to Assumption 2 and 3, we know that the 
desired rotating radius, angular velocity and angular ac-
celeration are bounded. Then 𝑦ො, 𝑦ොሶ and  𝑦ොሷ are bounded, 
i.e., there exists a positive constant 𝑌

∗  such that Ξ୧ ൌ
ሼ𝑌|‖𝑦ො‖  ฮ𝑦ොሶฮ  ฮ𝑦ොሷฮ  𝑌

∗ሽ. In addition, we denote that 
Π ൌ ሼሺ𝑧̅ , 𝜂̅ ,𝑊෩

ഥ
ሻ|𝑉  2𝜇ሽ , where 𝜇  is a positive 

constant. Then, it is not hard to see that Ξ୧ and Π୧ are com-
pact sets. Thus, there exists a positive constant 𝜋

∗  satis-
fying ฮ𝜋ሺ⋅ሻฮ  𝜋

∗ . 
Moreover, with Young’s inequality8, we have 

⎩
⎪
⎨

⎪
⎧𝑧

𝜀൫𝜁൯  ൫𝜀
∗ ଶ 2𝜚ൗ ൯ฮ𝑧ฮ

ଶ
 𝜚 2⁄

tr൫𝑊෩
𝑊൯  െሺ1 2⁄ ሻฮ𝑊෩ฮி

ଶ
 ሺ1 2⁄ ሻฮ𝑊ฮி

ଶ

𝑧ିଵ
 𝜂  ሺ1 2⁄ ሻฮ𝑧ିଵฮ

ଶ
 ሺ1 2⁄ ሻฮ𝜂ฮ

ଶ

𝜂
 𝜋  ൫𝜋

∗ ଶ 2Δൗ ൯ฮ𝜂ฮ
ଶ
 Δ 2⁄

    (22) 

Make the following names. 

⎩
⎨

⎧𝜖
ଵ ൌ 𝜅 െ

ଵ

ଶ
െ

ఌೕ
∗ మ

ଶదೕ
, 𝜖
ଵ ൌ 𝜅 െ

ఌ
∗ మ

ଶద

𝜖
ଶ ൌ

ఙೕ
ଶ

, 𝜖
ଷ ൌ

ଵ

ఛೕ
െ

ଵ

ଶ
െ

గೕ
∗ మ

ଶ௱ೕ

           (23) 

Then, 𝑉ሶ can be rewritten as 
𝑉ሶ  െ𝑐𝑉  𝑐ଵ                             (24) 

Where 

ቐ
𝑐 ൌ minሼ2𝜖

ଵ , 2𝜖
ଶ , 2𝜖

ଷ ሽ

𝑐ଵ ൌ ∑
దೕ
ଶ


ୀଵ ∑
ఙೕฮௐೕฮಷ

మ

ଶ


ୀଵ ∑
௱ೕ
ଶ


ୀଶ

         (25) 

Theorem 1. Consider the multi-agent system (1) in the 
strict-feedback form with stationary multi-targets. Sup-
pose that Assumptions 1-3 hold. For any bounded initial 
condition V୧ሺ0ሻ  μ୧, if we choose design parameters sat-
isfy 𝑐  0, then all agents will achieve the multi-target 
rotating encirclement formation with the proposed con-
trol scheme in Control Design. 
Proof. By integrating both ends, it is obvious that the so-
lution of (24) satisfies the following inequality. 

𝑉  ቂ𝑉ሺ0ሻ െ
భ
బ
ቃ 𝑒ିబ௧ 

భ
బ

               (26) 

Then, with Lemma 1 in Ref. 8, we know that the track-
ing error 𝑧ଵ is bounded, and the upper bound is associ-
ated with 𝑐𝑖1 𝑐𝑖0⁄ . By reasonably selecting design param-
eters, 𝑧ଵ can be sufficiently reduced to 0.  

Combining with Lemma 1,2,3 and 4, we can easily 
conclude that our proposed control scheme will drive all 
agents achieve the multi-target rotating encirclement for-
mation. 

5. Conclusion  

The collective multi-target rotating encirclement for-
mation problem of strict-feedback multi-agent systems is 
investigated by dividing into three subproblems. Our pro-
posed control scheme can solve this problem well. 

Acknowledgements 

This work was supported by the NSFC (61327807, 
61521091, 61520106010, 61134005) and the National 
Basic Research Program of China (973 Program: 2012C 
B821200, 2012CB821201).  

References 

1. F. Chen, W. Ren and Y. Cao, Surrounding control in co-
operative agent networks, Syst. Control Lett., 59(11), 2010, 
pp. 704-712. 

2. P. Lin and Y. Jia, Distributed rotating formation control of 
multi-agent systems, Syst. Control Lett., 59(10), 2010, pp. 
587-595. 

3. M. Deghat, I. Shames, B.D.O. Anderson and C. Yu, Lo-
calization and circumnavigation of a slowly moving target 
using bearing measurements, IEEE T. Automat. Contr., 
59(8), 2014, pp. 2182-2188. 

4. L. Mo, X. Yuan and Q. Li, Finite-time rotating target-en-
circlement motion of multi-agent systems with a leader, 
Chinese J. Phys., 56(5), 2018, pp. 2265-2274. 

5. T. Zhang, J. Ling and L. Mo, Distributed Finite-Time Ro-
tating Encirclement Control of Multiagent Systems With 
Nonconvex Input Constraints, IEEE Access, 7, 2019, pp. 
102477-102486. 

6. R. Li, Y. Shi and Y. Song, Localization and circumnavi-
gation of multiple agents along an unknown target based 
on bearing-only measurement: A three dimensional solu-
tion, Automatica, 94, 2018, pp. 18-25. 

7. J. Shao and Y. Tian, Multi-target localisation and circum-
navigation by a multi-agent system with bearing measure-
ments in 2D space, Int. J. Syst. Sci., 49(1), 2018, pp. 15-26 

8. T. Zhang and Y. Jia, Adaptive neural network control of 
uncertain strict-feedback systems with full-state con-
straints by integral-barrier Lyapunov functions, Proc. 37th 
Chin. Control Conf., Wuhan, China, 2018, pp. 846-851. 

9. S.J. Yoo, Distributed consensus tracking of a class of asyn-
chronously switched nonlinear multi-agent systems, Auto-
matica, 87, 2018, pp. 421-427. 

10. T. Zhang and Y. Jia, Adaptive neural network control of 
uncertain strict-feedback systems with full-state constrains 
by integral-barrier Lyapunov functions, Proc. 2018 Chin. 
Intel. Syst. Conf., Wenzhou, China, 2018, pp. 71-84. 

11. W. He, S. Zhang and S.S. Ge, Adaptive control of a flexi-
ble crane system with the boundary output constraint, 
IEEE T. Ind. Electron., 61(8), 2014, pp. 4126-4133. 


