Analysis and unidirectionally coupled synchronization of a novel chaotic system
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Abstract

In this paper, a new three-dimensional autonomous chaotic system is proposed. By means of theoretical analysis
and numerical simulation, some basic dynamical properties, such as dissipation, fractal dimension, Lyapunov
exponent spectrum and chaotic dynamical behaviors of the new chaotic system are illustrated. The obtained
results show clearly that this system is a new chaotic system. Furthermore, based on Lyapunov stability theory of
the system, unidirectionally coupled synchronization of the new three-dimensional chaotic system through
designing the appropriate coupling coefficient is investigated. Results of numerical simulation validate the
accuracy and effectiveness of synchronization scheme of the presented system.
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1. Introduction

In 1963, American mathematical meteorologist Lorenz
discovered chaos in a simple system of three
autonomous ordinary differential equations, called the
Lorenz system,! a lot of work have been reported on
finding the new chaotic attactors. As the first chaotic
model, the Lorenz system has become a paradigm of
chaos research. In 1976, Rossler presented a three-
dimensional quadratic autonomous chaotic system.?
Recently, there have been increasing attentions in
generating chaotic system since Chen found a new
Lorenz-like chaotic system in1999, namely, the Chen
system.® In 2002, Li and Chen found a new chaotic
system, called the Lii chaotic system,* which represents
the transition between the Lorenz system and Chen
system. In 2003, Liu created a new chaotic system and

researched its basic dynamical characteristics, as the
name of Liu chaotic system.> In 2005, Qi reported a
three-dimensional continuous quadratic autonomous
chaotic system modified from the Lorenz system,® in
which each equation contains a single quadratic cross-
product term. In this paper, a novel three-dimensional
autonomous chaotic system is introduced. Numerical
analysis shows that the proposed chaotic attractor is a
new attractor, which is not topologically equivalent to
the original chaotic system, or the Lorenz system, or the
Chen system, or the L system, or even the Lorenz
system family.

In the past few decades, synchronization of the
chaotic systems have attracted considerable interests
because of their practical applications in the fields of
image encryption, secure communication, electrical
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engineering, neural network, control processing and so
on. Many synchronization approaches have been
proposed in order to synchronizing the chaotic systems.
For example, linear feedback synchronization,” active
synchronization,® adaptive synchronization,® projective
synchronization, > sliding mode synchronization,*?
unidirectionally coupled synchronization,®* and lag
synchronization.**> By means of Lyapunov stability
theory of the system, unidirectionally coupled
synchronization of the new three-dimensional chaotic
system is investigated. Numerical simulation results
verify the accuracy and effectiveness of the
synchronization scheme presented in this paper.

2. The new chaotic system and its basic
dynamical properties

2.1. The new three-dimensional chaotic system

In this paper, a new three-dimensional autonomous
system is proposed, which can be expressed as the
following form:

X=ay—ax—yz

o))

y =bX+y+ Xz

z=—-dz+cy?
When the parameters are fixed as a=33, b= 50, ¢=3, and
d=15, the chaotic behavior of system(1) is obvious. By
adopting the time domain method based on predictor-
corrector, the phase portrait of system(1) is shown in

Fig.1 and the three Lyapunov exponents are 5.767 3,
0.003 4, -7.823 6, respectively.

Fig.1 Phase portrait of system(1) with a=33, b= 50, ¢=3,
and d=15.

2.2. Basic dynamical properties of the new
chaotic system

(I)Dissipation:
The dissipativity of system(1) is described as:

a>‘<+ay 01
ox oy oz
Therefore, when a, d satisfy a+d >I,
dissipative, and with an exponential rate:

dv

dt
It means that a volume element V, is apparently
contracted by the flow into a wvolume element
V,e @9t versus time t. That is, each volume element
containing the trajectories of this dynamical system
shrinks to zero as t — o0 at an exponential rate.
Therefore, all the orbits of the new system(1) are
ultimately confined to a specific subset that has zero
volume, and the asymptotic motion of system(1) will
settle onto an attractor of the system.

AV = - (a-1+d)

system(1) is

— gL}t

(IDThe Lyapunov exponents

As is known, the Lyapunov exponents measure the
exponent rates of the divergence and convergence of
nearby trajectories in phase space of system. Three
Lyapunov exponents of system(l) are calculated as
L, =5.7673 L, =0.0034,and |, = -7.8236. The Lyapunov
exponent spectrum of the new system(1) is showed in
Fig.2, when the parameters is taken as a=33, b=50, ¢=3,
and d  (0,30).Thus, the Lyapunov dimension of the
new chaotic system(l) is
ZL 240tk gy
Y% L

5.7673+0.0034

=2.7376
-7.8236

Which means the system(1) is a chaotic system since
the Lyapunov dimension of the system(1) is fractional.
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Lyapunov exponents
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Fig.2 Lyapunov exponent diagrams of system(1) on X -axis
versus parameter d < (0,30)

3. Unidirectionally coupled synchronization of
the new chaotic system
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In order to realize the unidirectionally coupled synchro-
nization of the new chaotic system, the drive system is
defined as follow:

X, =aX, —ax; — X, X,

O]

X, =bX + X, + XX,

Xy = —dX; + CX, X,
and the response system can be described in the form of:
yl =ay,—ay, —Y,¥Y;— k(Yl - 1)

Y2 = by1 +Y,tY1Ys _k(yz _Xz)

Ys =—dys +Cy, Y, —K(Y; = X;)
Where € =Y, =X, €, =Y, —X,, and €, =Y, —X;,.
And k is the coupling coefficient, it can make system(2)
and system(3) compose a coupling system.
Fram Eg.(2) and Eg.(3), the error system is obtained
hith cane &%resg 3 Yo T ezeg [Pel
é, =be +e,+Yye, +Vy,e —ee;, —kKe, (4)
(4) u_tHizes I(_;a !aaci transfo_rr(r;e %he_elgror system is
Vided which 1 dedcribed By: 22 3
SE,(s)—€,(0) = aE, (s) —aE,(s) - L{y,&, }
—L{ye, }+ L{e,es}—kE,(5)
SE, (s) —&,(0) = bE,(s) + E,(5) + L{y,e,}
+ L{y3el}_ L{e 63}— KE, (s)
SEL(5)~,(0) = ~dE(5) +cL{y.g, b+ cLiy.e,}
—cL{ee, |—kE;(s)
From Eq.(5) , the error system is obtained as follow:

©)

E
p

(®)

E(s)= 2B a®  Live)
' s+k+a s+k+a s+k+a
Uyed | el
s+k+a s+k+a
E,(s) = bE, (s) N e, (0) N Liy.e,
2 s+k—-1 s+k-1 s+k-1
Lvel  Lee]
s+k—-1 s+k-1
E,(s)=— e;(0) n CL{Y2ez}+ CL{yzez}
8 s+k+d s+k+d s+k+d
_cliee,}
s+k+d

(6)

Based on the final value theorem of Laplace
transform, the error system is described in the form of:

Analysis and unidirectionally coupled

Iimez(t)—lim%
S+k+ato s05+K+a

!imel(t):ling E(s)=

_|imSL{ysez}+|im SL{eZES}
s>0s+k+a s0s+k+a

()
=0
: : : - sL{ye, )
lime,(t) =limE,(s) = lime, (t)+ lim—<22
(= 2() 50 2() S+k—-1to= 1() s20 g+ k-1
+|imSL{y3el}_|imSL{e1e3} (8)
90 54+k-1 s0s54+k-1
=0
|ime3(t)=|imEg(s):c|imM+c|imSL{yzez}
(= 50 s>0 s+ Kk+d s20 s+ k+d
~climStiees) ©)
>0 s +Kk+d
=0

From Eq.(7), Eq.(8), and Eq.(9), !irgei(t):o (i=1223)

can be obtained. Theoretical analysis demonstrate
system(2) can synchronize system(3) completely.

4 Numerical simulation

In following, unidirectionally coupled synchronization
of the new three-dimensional chaotic system through
designing the appropriate coupling coefficient is
illustrated. The system parameters are chosen as a=33,
b=50, ¢=3, and d=15. The initial values of the drive
system(2) and the response system(3) are taken
as x(0)=-3, x,(0)=0, x;(0)=2, y,(0)=-3,
y,(0) =—0.6, andy,(0) =-1.6, respectively. When the
coupling coefficient is taken as k = 200, the simulation
results of state parameters are displayed in Fig.3.
Furthermore, the curves of synchronization error is
described in Fig.4. It’s clearly showed that
corresponding numerical simulations agree with the
analytical results.
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Fig.3 Curves of state variable (a) (X, ;) ; (0) (X,,¥,):
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Fig.4 Synchronization errors versus time t

5. Conclusion

In this paper, a new three-dimensional autonomous
chaotic system is proposed and investigated. By
utilizing theoretical analysis and numerical simulation,
some basic dynamical properties, such as dissipation,
fractal dimension, Lyapunov exponent spectrum and
chaotic dynamical behaviors of the new chaotic system
are introduced. In addition, based on Lyapunov stability
theory, unidirectionally coupled synchronization of the
new chaotic system is illustrated. Numerical simulation
are performed to validate the effectiveness of the
presented synchronization scheme. The synchronization
scheme proposed in our work can provide technical
basis and support for the further study of the secure
communication and automatic control.
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