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Abstract 

In this paper, the chaotic synchronization of the fractional-order permanent magnet synchronous motor is 

investigated. The presented control scheme is simple and flexible, and it is suitable both for design and implement 

in practice. According to the stability theory of fractional-order linear system, the chaotic synchronization of the 

drive system and the response system is achieved. Adopting the nonlinear feedback method, a nonlinear feedback 

controller in theoretical analysis is designed. The obtained numerical simulation results agree with that of 

theoretical analysis, which can further demonstrate the feasibility and effectiveness of the proposed synchronization 

scheme. 

Keywords:Chaos; Fractional-order; Permanent magnet synchronous motor; Nonlinear feedback synchronization; 
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1. Introduction 

Since permanent magnet synchronous motor (PMSM) 

has excellent properties such as simple structure, high 

torque-to-weight ratio, low manufacturing cost and high 

torque-to-inertia ratio, it is used in the industrial 

applications more widely. Studies have shown that, 

when the motor works under certain parameters and 

operating conditions, the chaotic behavior will occur, 

such as intermittent ripples of torque, the low-

performance property speed control, irregular current 

system noise and so on.  The study of the integer-order 

chaotic model of the PMSM is comprehensive. For 

PMSM, the fractional-order chaotic model can reflect its 

chaotic characteristics more accurately. Some 

investigation of fractional-order PMSM are still in its 

infancy. Many scholars have researched on fractional-

order chaotic systems, such as fractional-order Rössler 

system,1    fractional-order Chen  system,2 fractional-

order Liu system,3 fractional-order Lü system,4 and 

fractional-order generalized augmented Lü system .5  

The chaotic behavior of PMSM is harmful in most 

cases. However, the chaotic behavior of PMSM can also 

be useful in some applications, such as in industrial 

mixing process, the chaotic motion itself gives the 

extension and folding characteristics of good mixing. It 

is of practical significance to improve the efficiency of 

industrial mixing. Therefore, it is necessary to study the 

chaos synchronization of fractional-order PMSM. 

Recently, many synchronization approaches to the  

chaotic system have been proposed such as linear 

feedback synchronization,6 adaptive synchronization,7 

impulse synchronization,8-9 projective synchronization,10  

active synchronization,11 generalized  synchronization,12 

sliding mode control,13 and lag synchronization.14   

Adopting the nonlinear feedback  method, a nonlinear 

feedback controller in theoretical analysis is designed. 

And the synchronization of the fractional-order PMSM 

is achieved according to the stability theory of 
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fractional-order linear system. The obtained numerical 

simulation results agree with the theoretical analysis 

results, which can further demonstrate the feasibility 

and effectiveness of the proposed synchronization 

scheme.  

2. Synchronization of fractional-order PMSM 

2.1. General nonlinear feedback synchronization 

scheme 

Here, the fractional-order chaotic system is considered 

as follow: 
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where ]1,0( ,
n nA R  is the matrix of system 
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variable ,  
T 1

1 2( ) ( ( ), ( ), , ( )) n
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is continuous nonlinear vector function. The system(1) 

can be used as a driving system, and the corresponding 

response system is given by: 
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where ]1,0( ,
n nB R  is the matrix of system 

parameters, T

1 2( , , , ) n

ny y y R y is the state 

variable, T 1

1 2( ) ( ( ), ( ), , ( )) n

ng g y g y g y R  y  

is the state variable and
T

1 2( , , , )nu u uu is the 

controller to be determined in order to realize nonlinear 

feedback synchronization. 

Let the error vector be T

1 2( , , , )ne e ee = y - x , and 

the appropriate controller u  should be designed to make 

lim 0
t

e . 

The chaotic model of PMSM can be expressed as the 

following form15: 
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where ]1,0(  is the fractional order,  >0 and  >0 

are constants. 

In order to observe the nonlinear feedback 

synchronization of PMSM, the response systems can be 

defined as follow: 
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where ),,( 321 uuuuT   is the nonlinear controller to 

be designed for PMSM with the same parameters 

 and  in spite of the differences in initial conditions. 

2.2. Design of synchronization controller 

The drive system(3) can be described as system(1) in 

the form of: 
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Similarly, the response system(4) is written in the form 

of system(2) as follow: 
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Here, the nonlinear feedback method to realize the 

synchronization of PMSM is adopted. And controller 

( ) ( )f g K  u x y e   can be selected as the following 

form: 
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Where 
T

1 2 3( , , ) .e e e  e y x
 

From Eq.(5), Eq.(6), and Eq.(7), the error system is 

obtained, which can be expressed as: 
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From Eq.(8) and Eq.(9), the error system is obtained as 

follow:  
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From Eq.(10), the eigenvalues are 11  , 12  , and 

 3
. Because  >0, all eigenvalues 

i ( 1,2,3)i   

are negative, that is | arg( ) |
2

i


  . According to 

Ref.[16], it will be asymptotical stability of the origin of 

the error system, which means that lim 0
t

e . 

Therefore, the goal of synchronizing the fractional-order 

PMSM is achieved. 

3. Numerical simulation 

From system(3), the phenomenon of chaos can be 

observed when  =0.95, therefore we will concentrate 

on the 2.85-order system in the following part. By 

adopting the time domain method based on predictor-

corrector to conduct the numerical simulation, the 

chaotic attractors of system(3) is obtained. When 

 =0.95, =11, and  =90, and phase portraits are shown 

in Fig.1: 
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Fig.1.  Phase portraits of system(3) with  =0.95, =11, and 

 =90: (a) 321 xxx  ;(b)
21 xx  (c)

31 xx  ;(d)
32 xx  .  

In this section, we conduct the numerical simulation of 

the synchronization via Matlab, taking the 2.85-order 

PMSM as an example. The system parameters are 

chosen to be = 0.95, =11, and  =90, and in time 

steps of 0.01. The initial states of the drive system and 

response system are assumed as
1x (0) = 0.8,

2x (0) = 

5,
3x (0) = 1.3,

1y (0) = 3,
2y (0) = 6, and 

3y (0) = 1, 

respectively. It can be observed that the drive system 

and the response system are in asymptotic 

synchronization in Fig.2. In addition, the curves of 

synchronization error is obtained as shown in Fig.3. It’s 

clearly showed the synchronization error vector   

converge to zero as time goes to infinity. The obtained 

numerical simulation results agree with theoretical 

analysis results.  
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Fig.2. Variation of state variables with time: (a)
1 1( , )x y ; 

(b)
2 2( , )x y ; (c)

3 3( , )x y .  
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Fig.3  Synchronization errors versus time t (a) te 1
; 

(b) te 2
;(c) te 3 . 

4. Conclusion 

In this paper, a general nonlinear feedback chaotic 

synchronization scheme for fractional-order PMSM is 

introduced. By analyzing phase portraits of fractional-

order PMSM, we have found there are abundant 

dynamical behaviors in the fractional-order PMSM. 

Moreover, the synchronization problem of the 

fractional-order PMSM has been investigated. Based on 

the nonlinear feedback method, the synchronization 

controller to achieve synchronization between the drive 

system and the response system is designed. The 

obtained numerical simulation results agree with 

theoretical analysis, which can further demonstrate the 

feasibility and effectiveness of the proposed 

synchronization scheme. 
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