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Abstract: This paper considers the adaptive control problem of time delay systems with unknown relative degree
based on model matching technique. For single-input single-output (SISO) systems, the only known knowledge of the
relative degree is the upper bound of it. An adaptive control scheme is designed so that all signals in the close-loop
systems are bounded and the tacking error can converge to zero. A simulation example is included to illustrate the

proposed adaptive control scheme.
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1. INTRODUCTION

Time delay exists in many industrial control systems
such as chemical process systems, hydraulically
actuated systems and combustion systems. Researches
have paid much attention to the control of time delay
systems since last century. Stability analysis and
controller design for delay systems are more difficult
than delay-free systems. Many methods have been
proposed to deal with time delay systems. The known
smith predictor proposed in [1] could cancel the time
delay from the characteristic equation of the closed-loop
systems. The finite spectrum assignment method in [6]
could assign the eigenvalues of the closed-loop plant at
arbitrary prescribed place of the complex plane.
However, the two methods are difficult to be applied to
adaptive control.

Model matching technique can be easily used to
adaptive control scheme design. This technique is to
design a controller so that the transfer function of the
closed-loop plant coincides exactly with the transfer
function of the reference model. Controller design for
linear systems based on model matching technique can
be found in the book [5]. This method was used to
controller design for SISO delay systems in [2]. Then
the result was extended to adaptive control in [3]. For
multivariable delay systems, a general solution of model
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matching control of multiple-output-delay systems was
given in [4]. However, only unknown parameter
uncertainty was considered in [3-4]. In this paper, we
will consider the adaptive control of time delay systems
with unknown relative degree.

A strict assumption is that the relative degree is
exactly known in the adaptive control literature. This
assumption was relaxed in [7] for plants with relative
degree n’satisfyingl<n”<3. A new model reference
adaptive control (MRAC) scheme was proposed in [8].
Where the control required only the known upper bound
of the relative degree, this result was obtained at the
expense of additional complexity in the control and
adaptive laws. However, to the best of our knowledge,
there is few results about time delay systems with
unknown relative degree yet. In this paper, a class of
SISO delay systems with unknown relative degree is
considered. An adaptive control scheme is designed
using the model matching technique.

This paper is organized as follows. Section 2 is
problem statement. In section 3, an adaptive control
scheme is designed for SISO delay systems and the
stability analysis is completed. A simulation example is
given in section 4 to illustrate the designed scheme. The
last section is a conclusion of this paper.

Il. PROBLEM STATEMENT

Consider the SISO linear time-invariant time delay
systems
y(s) _9r® e u(s) o))
p(s)



Where y(t) and u(t) are the output and the input,
respectively. g is the gain, L is the known time delay.
r(s) and p(s) are monic polynomials with degree m
and n respectively, denote d[r(s)]=m,d[p(s)]=n,
where
m and n are unknown constants.
assumptions are made for the plant (1).
Assumption 1: r(s) is a Hurwitz polynomial.
Assumption 2: The upper bound N of the unknown
degree n of p(s) is known, i.e. Nn<N.
Assumption 3:The relative degree N’ satisfies
1< nl* <n’ < n: , Where nl* and n: are known
constants.
The reference model is chosen to be

The following

()_gd d() —Ls (S) (2)
Where p, (s) is a stabfe polynomial, its degree is n,

the relative degree of the reference model satisfies
a[py (s)]1-0alr, (s)]=n,. The reference input o(t) is a
uniform bounded piecewise continuous signal. The
objective is to design an adaptive control scheme so that
all signals in the closed-loop systems are bounded and
the plant output tracks the reference model output as
close as possible for any given reference input.

I11. ADAPTIVE CONTROL DESIGN

First, we design the model matching controller
structure for the systems (1). The controller design
procedure is different from that the known relative
degree case.

Choose monic stable polynomialsr*(s)and p(s),

ap’(s)]=m, dr'(s))=n-n. Then the reference model
can be rewritten as

r'(s) ots 9a (s)p° O
— d'd (3)
Yals) = p (S) P (S)r (s)
Denote
S AAOLION @
Pa(S)r (s)

Obviously, U is a realizable dynamical input signal.
When both r"(s) and p(s) have single or disti
nct roots, write

X . A—ny +n B
rop-rere " s A )
r'(s)p(s) i1 S—Z
where z, are roots of r'(s) for k=1,2,---,i—n/’
and roots of p(s) for k=m—n+1,---,i—n +n,

respectively. Obviously, we have
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n=n’
g:{g S ©®)
0 n <n<n,

Define the polynomial ¢(S) satisfying the equation

LOLIOEZON ””Z'*”ﬂe“ g @
r'(s)p(s) =
Remark 1: In order to employ the precompensator
In (7)

r'(s)p(s)—gr(s)p’(s)

- (8)
r(s)p(s)
should satisfy
olr (9)1+alp()]=alr(s)+alp ()] (9
ie.
alr (s)1zalp’(s)]-alp(s)l+alr(s)]
>a-n (10)
>m-n,

Therefore, the monic stable polynomial r*(s) should
be chosen as o[r’(s)]>m—n, . In this paper, we
choose o[r"(s)]=n-n,.
Define a polynomial equation by
k(s)p(s) +gh(s)r(s) = gr'(s) p(s) - #(s)
where k(s) and h(s) are unknown polynomials.

Theorem 1. There are solutions k(s) and h(s)
for the polynomial equation (11) with degrees

dk(s)]<m—n —1land o[h(s)]<m-1.

Proof. From the equation (7), gr’(s)p(s)—¢(s)
is of degree at most m—n +n-1. It is know that
there are unique polynomial solutions k(s) and h(s).
k(s) of degree at most m-n -1, polynomial h(s)
of degree at most n-1. However, the degree n of
p(s) is not known, the only knowledge of it is

N <N . Therefore, h(s) is of degree at most N —1.
The proof is completed.

Using the equations (5) and (7), we have the
following integral

(11)

A-n +n

I Z Beu(s)e”do

:zi zﬂ

u(s) - e 2)
~ s-7,
_ grep ) 4(9) N
TEps) NI e 1
—gu(s)e™

Using the equation (11), the above equation (12)
can be rewritten as

-y +n

j Z Be7u(s)e”™do



_gr(s)p’(s) ()_ k(s

r'(s)p(s) r(s
_h(s)

r'(s)
Another delay compensator is needed to design the
controller. Choose any monic stable polynomial
T (s) with degree o[F(s)]=2a[r (s)]=n—n,, then
we have

) —Ls
yucsle (13)

y(s)+gu(s)

_Ie +"Z' A (14)

r'(s) ~'s-1z

Define the polynomial @ (S) by

n n-n zL
_ ¢*(5) —_g+ Z Be (15)
r(s) = S—1
Using the equations (14) and (15), we can obtain
another integral

Jlo nf‘l Be tu(s)e”do

=) o (s)+¢(())u<s)e-“ (16)
—gu(s)e’™

Combining the two integrals in the equation (13)
and (16) yields

fi-n +n -n

I z ﬂe"’z'u(s)e"sdo-+.[ Zﬂe"’z'u(s)e"sdo-

gr(s)p (5) k(S) —-Ls 17
FEene O e an
_h(s). gr(s) 0]
GG
+3u(s) +gu(s)—gu(s)e ™
Therefore, we can choose the controller u as

u(s) = {k(S) u(s)e ™ + his) LIORYAN ar(s) u(s)

u(s)e ™

( ) r'(s)
+ j°LZ Beiu(s)e”do — gu(s)
+gu(s)e™ +0(s)

Substituting the controller in the equation (18) into
the equation (17), we can obtain
gr(s)p (S) ( ) 5 (19)
r(s)p(s)
It is noting that the polynomials p™(s)and r"(s) are
chosen to be stable polynomials. Therefore, the
above equation (19) can be further rewritten as
9r() g5y 5 =~ ) g5y (20)
p(s) p(s )
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The system output is equal to the reference model
output. Therefore, the controller in (18) is the desi-
red controller. In time domain, the controller can
be rewritten as

1 k(p) h(p) ar(p)
u(t)== { ~D+ (p)y(t) Tp O
_¢{((p)) e hu(t+o)do  (21)

a-n;

+j Z,Be‘“ u(t+o)do—gu(t)

+gu(t—L)+u(t)}
where p is the differential operator in time domain.
Because o[¢(s)]<m—n, d[k(s)]<m-n -1, and
o[h(s)]<m—1. Thus, they can be written as

n -

#(s)=q, .s" qﬁ,n;,lsn bt Gy
k(s) =k 8" " Ak ST etk (22)
h(s)=h._s""+h ,s"?+---+h,

respectively, where the coefficients of the polynomi
als are unknown constants. Define parameter vector

g = %[knnfl""’ko"" Ry,

a, n.*"“’qO’g_’g’l]T’ &

- ﬁ§+nﬂiefali . El ﬂ_ie“’zi
and the sié]}]al vector :
Y pr
t -L ut-L),— t
o) =[5 v ()( )()y()
p"n D, (24)

r (p) (p) ue=b.- ( p)
—u(t), rf(p)) u@) +ut-0), o0

Then the controller (22) can be represented as
ut) = " () eo(t) + j_”Li(t, olt+o)de (25

nnll

where é(t),/i(t,o-) are the estimates of the real
parameters &, A(c), respectively. Define the track-
ing error by
e(t)=y(1)-a() 29)
Theorem 2. The tracking error can be represent
ed by the following equation

(p) {7
V=95 {0 ©)ort) o

+ J_L/i(t, o(t+o)do}

where 4(t)=d@t)-0, At,o)=At,0)-A(c). q*
denotes a time delay operator, g ‘u(t)=u(t—L).



In order to design the adaptive law of the
controller parameters, define a signal by

n= {9T (Da(t) + fj(t, o)u(t +O')d0'}

. (28)
—%qL{éT (Dat)+ [ At ot +o)do}
where
a)=—P pi-1), g =—Plyc-) 9
p (p) p (p)

The augmented error is defined by
(t) =et)+3(On()

—g {éT waw+ [ it.ou +o-)do-} (30)

+g(t)n(t)
Define a signal by
Q(t) =[a(t), sup T(t+o),n®)] (31)
—L<o<0
Choose the following adaptive law
% 1 (t)
=-a—F—"—7,
0= amr
A a(t) (32)
ot)=-f——"—,
O=-FTawr
A u(t+o)
At,o)=-y——— —L<
o) =7 S aqr
where «, 3,y are positive constant parameters to

be chosen.

Theorem 3: The adaptive control scheme consi
sts of the controller (25) and the adaptive law (32)
designed for the plant (1), it can guarantee that al
| signals in the closed-loop plant are bounded and t
he tracking error converges to zero.

Proof. Without loss of generality, g is assumed
to be positive. Consider a Lyapunov function

e+ L min 3’ i 33
V(t) -0 (t)+2ﬂ9 (t)@(t)+27J_Lﬂ (t,o)do (33)
The proof procedure is similar to the proof of the
theorem 7 in [5]. Therefore, it is not detailed here.

o <0,

IV. SIMULATION EXAMPLE

Consider a SISO time delay system in the form of
(1), the known knowledge is n=5, n =1, and
n: = 3. The reference modell is chosen to be

— -3s (34
()= S 495" +315° 15157 + 405112 9
Choose the monic stable polynomials
p (s) =s° +10s* +38s® + 68s” + 575 +18,
r’(s) =s* +10s® +35s% + 50s + 24, (35)
7(s)=s*+3.6s° +3.855° +1.355 +0.1
When the plant model is
2(s* +4.55+2)
s* +8.6s° +21.55° +21.55* +7.5

e >*u(s) (36)

y(s) =
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When the reference input is the unit step signal, use the
adaptive control scheme designed in this paper and the
parameters o ==y =2, the simulation result is
given in Figure 1. Figure 1 shows that the tracking error
converges to zero. The designed adaptive control
scheme achieves the control objective.

0 200 400 600 800 1000

Figure 1. Tracking error of the system.

V. CONCLUSION

This paper design adaptive control schemes for
delay systems with unknown relative degree. The
schemes are obtained at the expense of updating more
parameters than the case of known relative degree.
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