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Abstract: This paper presents a design scheme of a minimal order observer-based guaranteed cost controller
for uncertain linear systems. The perturbations are assumed to be described by structural uncertainties. An
iterative linear matrix inequality (ILMI) approach is used to design the observer-based controller since the
problems contain inverse relations. We modify the algorithm of Matsunaga et al by optimizing a sufficiently
large initial guaranteed cost. This method can be implemented by LMI control toolbox of Matlab. Finally,
a numerical example is given to illustrate the effectiveness of the proposed method.
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I. INTRODUCTION

Considerable attention to the problem in robust
stability analysis and robust stabilization of uncer-
tain systems has been attracting many authors for
several last decades. One approach to this prob-
lem is the guaranteed cost control method which
not only achieves the stability of the uncertain sys-
tem but also guarantees an adequate level of per-
formance via linear matrix inequality (LMI) tech-
niques (Lien [2], Won and Park [3]).

Although the controller is usually constructed
by using state variables, it may not be possible to
measure all the states of the system in many cases.
The observer-based control is probably well suited
and better than the state control feedback in such
situations.

Since inverse relations among variables appear,
this paper concerns a design method of a minimal
order observer-based guaranteed cost controller via
an iterative linear matrix inequality (ILMI) tech-
nique under an assumption that the statistical
properties of the initial state variables are known.

II. PROBLEM STATEMENT

Consider a continuous-time uncertain system
z(t) = (A+ AA())x(t) + (B+ AB(t))u(t) (1)
y(t) = Ca(t) (2)

where z(t) € R™ is the state vector, u(t) € R" is
the control input vector, y(t) € R™ is the mea-
sured output vector, A, B, C' are known constant
real-valued matrices with appropriate dimensions,
and C is restricted to the form of C = [0 I,,].
Matrices AA(t) and AB(t) denote real-valued ma-
trix functions representing parameter uncertain-
ties. It is assumed that

AA(t) = DAFA(t)Ea, AB(t) = DpFp(t)Ep(3)
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with
FI(0)Fa(t) <I, FE(t)Fg(t) <1

where D4, Dp, Ex, Ep are constant real-valued
known matrices with appropriate dimensions, and
F4(t) and Fg(t) are real time-varying unknown
continuous and deterministic matrices.

We further assume that the initial state variable
x(0) is unknown, but their mean and covariance
are known

E[2(0)] = mo (4)
E [(2(0) — mo)(z(0) —mo)"] =% > O (5)
where FE [-] denotes the expected value operator.

The problem considered here is to design a min-
imal order observer

2(t) = Dz(t) + Fy(t) + Fu(t) (6)
@(t) = Pz(t) + Wy(t) (7)
and a controller
u(t) = K&(t) (8)
with
D= Ay + LAy, PT+WC =1,,

All A12

F=TB, TA— DI = EC, A=
’ = Aoy | Az
P=[I, 0], T=[L,mL]

so as to achieve an upper bound on the following
quadratic performance index

ElJ]=F /OO (" (1) Qe (t) +u” (t)Ru(t))dt (9)
0
associated with the uncertain system (1) and (2)

where @@ and R are given symmetric positive-
definite matrices.



I1I. MAIN RESULTS

In this section, a sufficient condition is es-
tablished for the existence of a minimal order
observer-based guaranteed cost controller for the
uncertain system (1) and (2). Here, it is assumed
that the feedback gain matrix is

K =-R'BTS, (10)

where S7 is a symmetric positive-definite matrix.
The main result of this study is given by Theo-

rem 1.

Theorem 1. If the following matrix inequalities op-

timization problem; min {yo + 1 + 2 + 3 + 74}

subject to

Ao XELT XET XT
EaX —CI 0 0
E.X 0 -0 o |<VY
X 0 0 fol_
(11)
(Ao GT GT GT G¥ GY  GT
Gy —6I O 0 0 0 0
Gy 0 —ul 0 0 0 0
GQ 0 0 fGiMI 0 0 0 <0
G3 0 0 0 —I/imj.[ 0 0
Gz 0 0 0 0 —thinod 0
G, 0 0 0 0 0 —R|
(12)

n m

T T
E €,1.00enr < 0, E €,101emi <M
=1 k=1

m m
Ze?nkQQGmk < 72, Zerj;y,k@Semk < 73 (13)
k=1 k=1

[~y vIYT TYT . 0T YT

Y’Ul —SQ

Yo, <0 (19)
_va _S2 i

where

Ao =AX + XAT - BR'BT + (DD’ + ¢eDpD%

+eimyBR'ELER R BT +6DpDE
+VinyBR'ELER R BT
Ao = SoAiy + AT Sy + Y Ay + AL YT
Y =SL, Z=1[S, Y],
G, =EgR'BTS,P, Go = D} Z"
Gs=DLz" G,=B"S, P

1
O = 5(51(20 +momg) + (S0 + memg )" 1)

1 1
0, = 5(52211 +X1152), ©2 = §(Y221 +xIyT)
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1
O3 = §(YT212 +3LY), E;éz = [v1, 02, -, V]

Y11 Yo
o1 Yoo

has a solution S7 >0, S >0, X >0,Y, Z,( >0,
6>0,€e>0, €py >0,0>0, 0, >0, u>0,
Miny > 0, Viny > 0, 70, 71, 72, 73, 74 Which satisfy
the relation €' = €0, 071 = Oinw, 45 = Lino
and S;' = X, then the minimal order observer-
based control law (6)-(8) with (10) is a guaranteed
cost, controller which gives the minimum expected
value of the guaranteed cost

S = e =[0F_ 107, 1"

E[J] = E [27(0)$12(0) + €7 (0)5:(0)] (15)

where &€(t) = z(t) — Tz(t) is the estimated error of
the minimal order observer.
Remark 1: Since (11) and (12) have a constraint
of the relationship of the inverse, ILMI approach
is introduced to solve (Ghaoui et al [4], Cao et al
51).

Before giving a proof of Theorem 1, a key lemma
is introduced (Mahmoud and Zribi [6]).
Lemma 1. Let D and E be matrices of appropriate
dimensions, and F' be a matrix function satisfying
FTF < I. Then for any positive scalar «, the
following inequality holds

DFE + ETFTET <aDDT + o 'ETE. (16)
Proof of Theorem 1.

Equations (1) and (6)-(8) yield the closed-loop sys-
tem

x(t P P x(t
o = me €0 )
where
O = A+ AA(t)+ (B+AB(t)K
®, = (B+AB(t)KP
O3 = -—TAA(t) —TAB(t)K
o, =D—-TAB({)KP
Define a candidate of Lyapunov function as
V() =a" ()Six(t) + €7 (1)S:£(1)  (18)

then, the time derivative of (18) along to (17) is

calculated as

V() = wT (t)Quw(t) — (2T (t)Qx(t) + u”T (t) Ru(t))
(19)

where

Ay Ay
AT As

Ay = S1(A+AA[R) + (A+AA1)T S,
~S1BR™'BTS, +Q — 25,AB(t)R™'BT S,

Ay = —S1AB(t)R™'BTS, P — AAT(H)TT S,
+SBR*ABT (1) TT S,

Az = S2D + D' Sy + PTSBR™'BT S, P
+28,TAB(t) R~ BT S, P



Under the condition
Q<0 (20)
equation (19) leads to
V(1) < — (@ ()Qa(t) + u” (t)Ru(t)) < 0 (21)

for any x(t) # 0 and the closed-loop system is
asymptotically stable.

Applying lemma 1., pre- and post-multiplying
by diag(S;*, I) on both sides, denoting X = S;*,
Y = SZL7 €iny = 6717 einv = 9713 Hinv = ,U/ila
Vino = v~ !, and using Schur Complement lead to
(11) and (12).

Then, integrating (21) from 0 to T and as T
tends to the infinity yields

J= /O T (@ (H)Qz(t) + uT (1) Ru(t))dt
< xT(0)S12(0) + £7(0)S2£(0) = J*  (22)

where J* denotes the guaranteed cost. Here, we
consider the optimal expected value of the guaran-
teed cost. It is calculated as

E[J"] = 81 E [2(0)2” (0)] + trSy E [5(0)5%)}
(23)

A relation between mean and covarience of x(0) is
given by

Yo = E [2(0)x" (0)] — mom{ (24)
Substituting (24) into (23) yields

E [J*] = trSl(Eo + momg)
+trS2 E [(2(0) — Tz(0))(2(0) — Tx(0))”]
(25)

Here, it is readily seen that

E [(2(0) — T2(0))(2(0) — Tz(0))"]
=TT 4 (2(0) — Tmg)(2(0) — Tmg)?(26)

Hence, (25) leads to

E[J*] = trS1 (30 + moml ) + trSo(TSeTT
+(2(0) — Tmg)(2(0) — Tmg)T) (27)
Here, it can be assumed that an initial value of a

minimal order observer z(0) satisfies the following
equation without loss of generality.

z(0) —Tmy =0 (28)
Substituting (28) into (27) yields

E [J*] = tI’S1(EO + momg)
155 (811 + L9 4+ D10 LT 4 L¥op L)
(29)
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where

Y11 Y12

=
0 Yo Y2

Here, we consider positive scalars vo, v1, Y2, V3, 74
satisfying the following inequalities

trS1 (S + memy ) < Yo (30)
trSo¥i <m (31)

trSoLYa < o (32)
trSoX o LT < 3 (33)

trSo LYo LT < 74 (34)

Minimizing vo + v1 + 72 + ¥3 + 74 results in giv-
ing min E[J*]. By recalling tr(AB) = tr(BA),
(30)-(33) lead to (13). Next, by denoting 2542 =
[U1,V2,-, V], (34) is calculated as

trSo LY 9o LT
=] YIS, W, + vl VTS 'Y,
+- 4ol YTS; Y,
Yuv;

Y’Ug
= [oTYT oTYT - oTYT] S5 | | <y

Yv,,
(35)
Further, Schur complement derives (14) from (35).
Q.E.D.
It is noted that the inequalities (11) and (12)
cannot be solved directly by LMI because they con-
tain the scalars €, €y, 0, Ginv, i, Winy, and two
matrices Sy, X which satisfy the relation ST =X ,
€t = €inw, 071 = Oipy, 41 = Liny. There are a
number of algorithms available in literature, and
we apply the cone complementarity linearization

approach (Ghaoui et al [4]) to propose the algo-
rithm as follows.

Step 0: Set kmaz, Ymin and k.

Step 1: Choose a sufficiently large initial v such that

there exists a feasible solution to LMI condi-
tions

S S0 ottt s <

I X y Yo T V1T Y2T Y3 T V4T,
€€inv > ]-7 aeznv > 17 Mﬂznv > ]-»
inequalities (11)-(14)

Set ¥ =7, k=0, =1, set S1(k) = 51,
X(k) =X, e(k) = €,€inv(k) = €inv, 0(k) =0,
emv(k) = oinm ,U(k) = K, ,uinv(k) = Hinv-

Step 2.2 : Solve the following LMI problem

tr=Minimize(tr[S1 (k)X + X(k)S1]) +
e(k)emv + efinv(k) —+ H(k)emv —+ Hﬁmv(k) —+
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Step 3.1

Step 3.2 :

Step 3.3

Step 3.4 :

Step 4

subject to

Sy 1

I x 0 wtntrtrntr<y,
€€iny > 17 eeznv > 17 Hliny > 17
inequalities (11)-(14)

: If k < ke and t > 2n + 6 + x then set
k=k+1 and go to 2.2.

If £ < knae, te<2n + 6 + kK, LMI con-
ditions are satisfied, and 7(0.5)*>%,,;n, then
4=4-7v(0.5)%. Else if v(0.5)!<7,in then exit
and 7 is an optimal value.

: I k<kpmasz, te<2n + 6 + k, LMI conditions
are not satisfied, i#1 and v(0.5)">7,,i, then
¥=4+7(0.5)%. Else if v(0.5)*<7,nin then exit
and 7 is an optimal value. Else if ¢ = 1 then
exit and no optimal solution is obtained.

If k=knaz, tx>2n + 6 + Kk, i#1 and
¥(0.5) >Ymin then 5=3+v(0.5)".  Else if
7(0.5)'<¥min then exit and ¥ is an optimal
value. Else if ¢ = 1 then exit and no optimal
solution is obtained.

: Set ¢ =7+ 1 and return to 3.1.

This algorithm allows the optimal value 4 can be
reached faster than that of Matsunaga et al [1]
because the correction is not fixed but depending
on iteration %.

IV. AN ILLUSTRATIVE EXAMPLE

Consider a system with

30 -2 0 3
0 20 -1 2

A=110 0 0| B |6|
0100 1

O:[OQIQ},m():OAb 20:147}3:97
, 0.1L Os

— diag(7,15,1,3), Da =

Q = diag( ), Da Oy Oy

Eq= U3R03Lh o diag(0.3,0.1,0.3,0.1),
0, 0,

Ep=1[1-11-1]".

Applying  Theorem 1, with ke =200,
Ymin=0.0001, x=0.000001 and initial ~=100,
we obtain a solution
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—0.1844 —0.0440
—0.0074 —0.2493 °

L =
K = [~0.3837 —0.4460 0.5278 —0.4720] ,

5 = E[J*] = 16.8893.

90

optimal value of guaranteed cost

201

10 . . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
iteration

Fig. 1: Trajectory of optimal guaranteed cost ~.

V. CONCLUSION

A guaranteed cost observer-based control prob-
lem concerned on a minimal order observer has
been discussed. A sufficient condition for the exis-
tence of state feedback guaranteed cost controllers
is derived on the basis of the ILMI approach to
solve inverse relation. A numerical example is
given to illustrate the proposed method.
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