
 

© The 2015 International Conference on Artificial Life and Robotics (ICAROB 2015), Jan. 10-12, Oita, Japan   
  

Consensus Problem of Distributed Multi-agent Systems* 
 

Huailin Zhao† 
School of Electrical & Electronic Engineering, Shanghai Institute of Technology, Shanghai, 201418, China 

Wei Ren 
Department of Electrical Engineering, UCR, CA92521, USA 

Jian Jiang 
School of Mechanical Engineering, Shanghai Institute of Technology,Shanghai,201418, China 

  Masanori Sugisaka 
Alife Robotics Corperation LTD, Oita, Japan 

zhao_huailin@yahoo.com 
 

Abstract 

The paper focuses on the consensus problem of distributed control systems. It’s the basic research subject related with the 

distributed coordination of multiple robots such as the unmanned robots which has been a very active research one studied 

widely by the control researchers. The paper mainly discusses the most typical topics which have made large progress in 

distributed multi-agent coordination in recent years including the system dynamics, the time delay effect, the network 

topology, the convergence, and so on.  
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1. The general description 

Consensus refers to the typical group behavior of the 

multi-agent system that all the agents reach 

asymptotically a certain common agreement based on a 

local distributed protocol, with or without predefined 

common speed and orientation. 
To the distributed control of a group of autonomous 
robots, the main objective is typically to have the whole 
group of robots working in a cooperative way base on a 
distributed protocol. The cooperative refers to a close 

relationship among all robots in the group where 
information sharing plays a key role. The distributed 
method has many advantages in achieving cooperative 
group performances, especially with low operational 
costs, less system requirements, high robustness, strong 
adaptivity, and flexible scalability, therefore has been 
widely interested and recognized [1-2] 

Let’s express the typical consensus problem based on 

which we discuss the consensus problem. Consider a 

group of n agents, each with single-integrator 

kinematics described by 
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);(tux ii   i=1, 2, …, n                       (1) 

where ix  and ( )iu t  are, respectively, the state and the 

control input of the ith agent. A typical consensus 

control algorithm is designed as 

1

( ) ( )[ ( ) ( )]
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where ( )ija t is the (i, j)th entry of the corresponding 
adjacency matrix at time t. The main idea with formula 
(2) is that each agent moves towards the weighted 
average of the states of its neighbors. Given the 
switching network pattern due to the continuous 
motions of the dynamic agents, coupling coefficients 

( )ija t  in formula (2), so the graph topologies, are 
generally time-varying. There is the conclusion that 
consensus is achieved if the underlying directed graph 
has a directed spanning tree in some jointly fashion in 
terms of a union of its time-varying graph topologies [1-

4]. 

Consensus does as a fundamental principle for the 

design of distributed multi-agent coordination 

algorithms. Therefore, investigating consensus has been 

a main research direction in the study of distributed 

multi-agent coordination. To establish the relationship 

between the study of consensus algorithms and many 

physical properties inherited in practical systems, it is 

necessary and meaningful to study consensus by 

considering many practical factors such as actuation, 

control, communication, computation, robot dynamics, 

and so on, which characterize some important features 

of practical systems [1-6]. 
Please make sure that shared information is a necessary 
condition for coordination. Information necessary for 
cooperation may be shared in various ways. For 
example, relative position sensors may enable robots to 
construct state information for other robots [7], 
knowledge may be communicated among robots using a 
wireless network [8], or joint knowledge might be 
preprogrammed into the robots before a mission begins 
[9]. Based on this concept, information exchange 
becomes a key problem in coordination control. 

2. The system dynamics 

Consensus is concerned with the behavior of a group of 

robots, so it is natural to consider the system dynamics 

for practical robots in the study of the consensus 

problem. Although the study of consensus under various 

system dynamics is due to the existence of complex 

dynamics in practical systems, it is also interesting to 

observe that system dynamics play an important role in 

determining the final consensus state. For example, the 

well studied consensus of multi-agent systems with 

single-integrator kinematics often converges to a 

constant final value. However, consensus for double-

integrator dynamics might admit a dynamic final value. 

These important problems make the study of consensus 

under various system dynamics become hot. 
As a direct extension of the study of the consensus 
problem for systems with simple dynamics, for example, 
with single-integrator kinematics or double-integrator 
dynamics, consensus with general linear dynamics was 
also studied [10-12], where research is mainly devoted to 
finding feedback control laws such that consensus (with 
the output states) can be achieved for general linear 
systems. 

iiiii CxyBuAxx  ,             (3) 

where A, B, and C are constant matrices with 

compatible sizes. Apparently, the well studied single-

integrator kinematics and double-integrator dynamics 

are special cases of system (3) for properly choosing A, 

B, and C. 

Consensus for complex systems has been extensively 

studied too. Here, the term consensus for complex 

systems is used for the study of consensus problem 

when the system dynamics are nonlinear or with 

nonlinear consensus algorithms [13-17].  
Although the complex system dynamics are different 
from the well studied single-integrator kinematics and 
double-integrator dynamics, the main research problem 
is same, namely, to drive all agents to some common 
states through local interactions among agents. 
Similarly to the consensus algorithms proposed for 
systems with simple dynamics, the consensus 
algorithms used for these complex models are also 
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based on a weighted average of the state differences, 
with some additional terms if necessary. Main research 
work has been conducted to design proper control 
algorithms and derive necessary or sufficient conditions 
such that consensus can be achieved ultimately. 

3. The time delay 

Time delay exits in almost all practical systems due to 

several reasons such as limited communication speed, 

extra time required by the sensor to get the 

measurement information, computation time required 

for generating the control inputs and execution time 

required for the inputs being acted. Generally, time 

delay reflects an important property inherited in 

practical systems due to actuation, control, 

communication, and computation. 

Knowing that time delay might degrade the system 

performance or even destroy the system stability, 

studies have been conducted to investigate its effect on 

system performance and stability. A well studied 

consensus algorithm for system (1) is given in formula 

(2), where it is now assumed that time delay exists. Two 

types of time delays, communication delay and input 

delay, have been considered in some research. 

Communication delay accounts for the time for 

transmitting information from source to destination. 

More precisely, if it takes time Tij for agent i to receive 

information from agent j, the closed-loop system of (1) 

with (2) under a fixed network topology becomes 

)]()()[()(
1

txTtxtatx i

n

j
ijjiji 



             (4) 

An explaination of (4) is that at time t, agent i receives 

information from agent j and uses data ( )j ijx t T  

instead of ( )jx t due to the time delay. Please note that 

agent i can get its own information instantly, therefore, 

input delay can be considered as the sum of 

computation time and execution time. More precisely, if 

the input delay for agent i is given by Tp
i ,then the 

closed-loop system of (1) with (2) becomes 
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Clearly, (4) refers to the case when only communication 

delay is considered while (5) refers to the case when 

only input delay is considered. It should be emphasized 

that both communication delay and input delay might be 

time-varying and they might co-exist at the same time. 
The main problem involved in consensus with time 
delay is to study the effects of time delay on the 
convergence and performance of consensus [18]. The 
existing study of consensus with time delay mainly 
focuses on analyzing the stability of consensus 
algorithms with time delay for various types of system 
dynamics, including linear and nonlinear dynamics. 
Generally, consensus with time delay for systems with 
nonlinear dynamics is more challenging. For most 
consensus algorithms with time delays, the main 
research topics is to determine an upper bound of the 
time delay under which time delay does not affect the 
consensusability. For communication delay, it is 
possible to achieve consensus under a relatively large 
time delay threshold. A notable phenomenon in this 
case is that the final consensus state is constant. 
Considering both linear and nonlinear system dynamics 
in consensus, the main tools for stability analysis of the 
closed-loop systems include matrix theory [19], 
Lyapunov functions [20], frequency-domain method [21], 
passivity [22], and the contraction principle [23]. 

4. The Network Topology 

In multi-agent systems, the network topology among all 

robots plays a very important role in determining 

consensus. The objective here is to explicitly identify 

necessary or sufficient conditions on the network 

topology such that consensus can be achieved under 

properly designed algorithms. 

It is often reasonable to consider the case when the 

network topology is deterministic under ideal 

communication channels. Accordingly, main research 

on the consensus problem was conducted under a 

deterministic fixed or switching network topology. That 

is, the adjacency matrix A(t) is deterministic. In some 

other times, when considering random communication 
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failures, random packet drops, and communication 

channel instabilities inherited in physical 

communication channels, it is necessary and important 

to study consensus problem in the stochastic setting 

where a network topology evolves according to some 

random distributions. That is, the adjacency matrix A(t) 

is stochastical. By now the current study on consensus 

over stochastic network topologies has shown some 

interesting results regarding that how to determine the 

probability of reaching consensus almost surely and 

when the network topology itself is stochastic as well as 

what are the advantages and disadvantages of the 

stochastic network topology regarding such as 

robustness and convergence rate when compared with 

the deterministic network topology. 

As is well known, disturbances and uncertainties often 

exist in networked systems such as channel noise, 

communication noise, uncertainties in network 

parameters, etc. In addition to the stochastic network 

topologies mentioned above, the effect of stochastic 

disturbances and uncertainties on the consensus problem 

also needs investigation [24-25]. Study has been mainly 

devoted to analyzing the performance of consensus 

algorithms subject to disturbances and to presenting 

conditions on the uncertainties such that consensus can 

be achieved. Besides, another interesting direction in 

dealing with disturbances and uncertainties is to design 

distributed local filtering algorithms so as to save energy 

and improve computational efficiency. Distributed local 

filtering algorithms play an important role and seems 

more effective than traditional centralized filtering 

algorithms for multi-agent systems [26-27]. 

5. The convergence analysis  

To the control system, the convergence problem is 

always an important topic. Of course it is one of the key 

performance measure for consensus algorithms too. 

The existing study mainly focuses on the analysis of the 

convergence speed under various network topologies 

and optimization of the convergence speed for certain 

given network topologies. Considering the fact that 

consensus under different network topologies may 

behave different convergence speeds, a natural topic is 

how to design an optimal network topology with proper 

adjacency matrix such that optimal convergence speed 

can be achieved [28-29]. 

The study of convergence speed for the consensus 

problem, finite-time consensus, reaching consensus in a 

finite time, has also been studied. Compared with most 

existing research on the consensus problem, finite time 

consensus behaves a disturbance rejection property and 

robustness against uncertainties. In addition, due to the 

finite-time convergence, it is often possible to decouple 

the consensus problem from other control objectives 

when they are considered simultaneously [30-31]. 

Please note that the existing research on finite-time 

consensus mainly focuses on systems with simple 

dynamics, such as single-integrator kinematics and 

double-integrator dynamics, in the continuous-time field. 

Because many practical systems are better and more 

proper to be described by general linear or nonlinear 

dynamics, it is natural to study finite-time consensus for 

systems with general linear or nonlinear dynamics 

further. Besides, it is meanful to study finite-time 

consensus in the discrete-time field. Some research on 

this topic can be found in [32-33], where the objective is to 

compute the final consensus value for all agents in a 

finite number of steps.  

6.  The conclusion 

The consensus problem is the basic and very important 

topic in coordination control of the multi-agent system. 

It mainly refers to some basic concepts including the 

system dynamics, the time delay and the system 

network topolgy. The comvergence is also an very 

important concept. But the paper doesn’t introduce the 

consenseu and the convergence related with the subjects 

such as asynchronous effects, sampled-data framework, 

quantization, and so on. The existing research on the 

consensus problem has covered a number of physical 
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properties for practical systems and control performance 

analysis. However, the study of the consensus problem 

covering multiple physical properties or control 

performance analysis has been largely ignored. 

Therefore more problems discussed in the above need to 

be taken into consideration simultaneously when 

studying the consensus problem in the future.  

 
7. References: 

1.    W. Ren and R. W. Beard, Distributed Consensus in Multi-

vehicle Cooperative Control, ser. Communications and 

Control Engineering. London: Springer-Verlag, 2008. 

2.  Yongcan C., Wenwu, Y., Wei R., Guanrong C.. “An 

overview of recent progress in the study of distributed 

multi-agent coordination”, IEEE Transactions on 

Industrial Informatics, Vol. 9, No. 1, Feb., 2013, p427-

348 

3.  W. Ren and R. W. Beard, “Consensus seeking in 

multiagent systems under dynamically changing 

interaction topologies,” IEEE Transactions on Automatic 

Control, vol. 50, no. 5, pp. 655–661, May 2005. 

4.    L. Moreau, “Stability of multi-agent systems with time-

dependent communication links,” IEEE Transactions on 

Automatic Control, vol. 50, no. 2, pp. 169–182, February 

2005. 

5.    W. Ren, R. W. Beard, and E. M. Atkins, “Information 

consensus in multivehicle cooperative control: Collective 

group behavior through local interaction,” IEEE Control 

Systems Magazine, vol. 27, no. 2, pp.71–82. 

6.    W. Ren and Y. Cao, Distributed Coordination of Multi-

agent Networks: Emergent Problems, Models, and Issues, 

ser. Communications and Control Engineering. London: 

Springer-Verlag, 2011. 

7.    A. G. Dimakis, S. Kar, J. M. F. Moura, M. G. Rabbat, and 

A. Scaglione, “Gossip algorithms for distributed signal 

processing,” Proceedings of the IEEE, vol. 98, no. 11, pp. 

1847–1864, 2010. 

8.    P. P. Menon and C. Edwards, “Decentralised static output 

feedback stabilisation and synchronisation of networks,” 

Automatica, vol. 45, no. 12, pp. 2910–2916, 2009. 

9.  C. W. Wu, Synchronization in Complex Networks of 

Nonlinear Dynamical Systems. World Scientific, 2007.  

10.  J. H. Seo, H. Shim, and J. Back, “Consensus of high-order 

linear systems using dynamic output feedback 

compensator: Low gain approach,” Automatica, vol. 45, 

no. 11, pp. 2659–2664, 2009. 

11.  Z. Li, Z. Duan, G. Chen, and L. Huang, “Consensus of 

multiagent systems and synchronization of complex 

networks: A unified viewpoint,” IEEE Transactions on 

Circuits And Systems–I: Regular Papers, vol. 57, no. 1, pp. 

213–224, 2010. 

12.  T. Yang, S. Roy, Y. Wan, and A. Saberi, “Constructing 

consensus controllers for networks with identical general 

linear agents,” International Journal of Robust and 

Nonlinear Control, vol. 21, no. 11, pp. 1237– 1256, 2011. 

13. J. Lu and D. W. C. Ho, “Globally exponential 

synchronization and synchronizability for general 

dynamical networks,” IEEE Transactions on Systems, 

Man, and Cybernetics, Part B: Cybernetics, vol. 40, no. 2, 

pp. 350–361, April 2010. 

14. L. Wang and X. Wang, “New conditions for 

synchronization in dynamical communication networks,” 

Systems and Control Letters, vol. 60, no. 4, pp. 219–225, 

2011. 

15.   W. Ren, “Distributed leaderless consensus algorithms for 

networked EulerLagrange systems,” International Journal 

of Control, vol. 82, no. 11, pp. 2137–2149, 2009. 

16. Q. Hui, W. M. Haddad, and S. P. Bhat, “Finite-time 

semistability and consensus for nonlinear dynamical 

networks,” IEEE Transactions on Automatic Control, vol. 

53, no. 8, pp. 1887–1890, 2008. 

17.  Q. Hui and W. M. Haddad, “Distributed nonlinear control 

algorithms for network consensus,” Automatica, vol. 44, 

no. 9, pp. 2375–2381, 2008. 

18. C.-Q. Ma and J.-F. Zhang, “Necessary and sufficient 

conditions for consensusability of linear multi-agent 

- 205 -



Huailin Zhao, Wei Ren, Jian Jiang, Masanori Sugisaka 
 

© The 2015 International Conference on Artificial Life and Robotics (ICAROB 2015), Jan. 10-12, Oita, Japan  
 

systems,” IEEE Transactions on Automatic Control, vol. 

55, no. 5, pp. 1263–1268, 2010.  

19.  F. Xiao and L. Wang, “Consensus protocols for discrete-

time multiagent systems with time-varying delays,” 

Automatica, vol. 44, no. 10, pp. 2577–2582, 2008. 

20.   J. Cao, G. Chen, and P. Li, “Global synchronization in an 

array of delayed neural networks with hybrid coupling,” 

IEEE Transactions on Systems, Man, and Cybernetics, 

Part B: Cybernetics, vol. 38, no. 2, pp. 488–498, April 

2008. 

21. Y.-P. Tian and C.-L. Liu, “Consensus of multi-agent 

systems with diverse input and communication delays,” 

IEEE Transactions on Automatic Control, vol. 53, no. 9, 

pp. 2122–2128, 2008.  

22.  J. Yao, H. O. Wang, Z.-H. Guan, and W. Xu, “Passive 

stability and synchronization of complex spatio-temporal 

switching networks with time delays,” Automatica, vol. 

45, no. 7, pp. 1721–1728, 2009.  

23.  W. Wang and J.-J. Slotine, “Contraction analysis of time-

delayed communications and group cooperation,” IEEE 

Transactions on Automatic Control, vol. 51, no. 4, pp. 

712–717, 2006. 

24.  Z. Li, Z. Duan, and G. Chen, “On H1 and H2 performance 

regions of multi-agent systems,” Automatica, vol. 47, no. 

4, pp. 797–803, 2011. 

25.  H. Kim, H. Shim, and J. H. Seo, “Output consensus of 

heterogeneous uncertain linear multi-agent systems,” 

IEEE Transactions on Automatic Control, vol. 56, no. 1, 

pp. 200–206, 2011.  

26.  W. Yu, G. Chen, Z. Wang, and W. Yang, “Distributed 

consensus filtering in sensor networks,” IEEE 

Transactions on Systems, Man, and Cybernetics, Part B: 

Cybernetics, vol. 39, no. 6, pp. 1568–1577, 2009. 

27.  L. Shi, M. Epstein, and R. M. Murray, “Kalman filtering 

over a packetdropping network: a probabilistic 

perspective,” IEEE Transactions on Automatic Control, 

vol. 55, no. 3, pp. 594–604, 2010. 

28.  J. Zhou and Q. Wang, “Convergence speed in distributed 

consensus over dynamically switching random networks,” 

Automatica, vol. 45, no. 6, pp. 1455–1461, 2009. 

29.  F. Xiao, L. Wang, J. Chen, and Y. Gao, “Finite-time 

formation control for multi-agent systems,” Automatica, 

vol. 45, no. 11, pp. 2605–2611, 2009. 

30.  Y. Cao, W. Ren, and Z. Meng, “Decentralized finite-time 

sliding mode estimators and their applications in 

decentralized finite-time formation tracking,” Systems 

and Control Letters, vol. 59, no. 9, pp. 522–529, 2010. 

31.  L. Wang and F. Xiao, “Finite-time consensus problems 

for networks of dynamic agents,” IEEE Transactions on 

Automatic Control, vol. 55, no. 4, pp. 950–955, 2010. 

32. S. Sundaram and C. N. Hadjicostis, “Finite-time 

distributed consensus in graphs with time-invariant 

topologies,” in Proceedings of the American Control 

Conference, New York City, NY, July 2007, pp. 711–716. 

33. Y. Yuan, G.-B. Stan, M. Barahona, L. Shi, and J. 

Gonc¸alves, “Decentralised minimal-time consensus,” in 

Proceedings of the IEEE Conference on Decision and 

Control, Orlando, FL, December 2011, pp. 4282–4289. 

 

- 206 -




