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Abstract: This paper is devoted to consensus problems in directed networks of high-order agents with disturbances. A new
distributed protocol is proposed with the consideration of model uncertainty, which only depends on the agent’'s own information
and it's neighbors'’ first state, an auxiliary variable is included to describe the effects of all-order derivatives’ relative information.
Based on Lyapunov theory, for three cases: (a) network with fixed topology and zero time-delay; (b) network with switching
topology and zero time-delay; (c) network with fixed topology and non-zero time-delay, sufficient conditions are derived cor-
respondingly to make all agents reddh consensus. Especially, the approach used in this paper does not need any model
transformation. Finally, numerical simulations are provided to show the effectiveness of the obtained results.
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1 INTRODUCTION with the edges are positive, i.@; € £ < & > 0. Moreover,

Recently, consensus problems of multi-agent systems We assume thatj = 0 for alli € I. The set of neighbors of
have attracted researchers from a wide range of disciplines, Nodes is denoted b\ = {sj € 7 : (s, sj) € €}. A diagonal
and numerous significant theoretical results have been ob- Matrix D = diag{dy, - ,dn} is a degree matrix of/, with
tained [1-9]. In engineering practice, multi-agent systems are g = Yj_1aij fori € . Then the Laplacian of the weighted
often subjected to various disturbances such as time-delay, 9raph¢/ is defined at =D —.«7 € ™" Adirected pathis a
model uncertainty, and the variation of network topology. As sequence of ordered edges of the fasm.s;,), (s, S5). - ;
we all know, these disturbances might degrade the system Wheres; € 7. A directed graph is said to have a spanning
performance and even cause the network system to divergetree, if there exists a node such that there is a directed path
or oscillate. Therefore, it is of great significance to improve from every other node to this node[10]. If the gragthas a
the robustness of the multi-agent systems. However, to the SPanning tree, then its Laplaciarsatisfies: zero is a simple
best of our knowledge, little work has been done to consider €igenvalue of, andl, is the corresponding eigenvector [4].
high-order consensus problem with disturbances.

With this background, we investigate consensus problems 3 PROBLEM STATEMENT
in directed networks of high-order agents with disturbances. ~ Consider the multi-agent system consisting of n identical
Firstly, a new distributed protocol is proposed with the con- agents, each agent is regarded as a node in a directed graph
sideration of model uncertainty. Then, based on Lyapunov ¥. Suppose the ith agent has the dynamics as follows:
theory, sufficient conditions are derived to make all agents

(0 1
reach consensus while satisfying desirkdperformance for Xi( >(t) = Xi( )(t)
three cases. Especially, the approach used in this paper does :
not need any model transformation. Xi(:? 1) = Xi(lfl) (t) (1)
XU = ut+a)
0
2 GRAPH THEORY vi(t) _ Xi< )(t)

Let ¥ (¥ ,€,4/) be a directed graph of order n with the
set of nodes = {s1,--- ,s}, set of edges C ¥ x ¥, and wherex; = [xfo),xfl), “e ,xf'*l)]T e R! is the state of the ith
a weighted adjacency matri¢ = [a;;]. The node indexes  agentu; € R is the protocolw (t) € L»[0, ) is the external
belong to a finite index sét= {1,2,--- ,n}. An edge of¥ is disturbancey;(t) is the measured output that can be observed
denoted bya; = (s,sj). The adjacency elements associated by its neighbors.
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A protocol y; is said to asymptotically solve consensus
problem, if for any initial state, the states of all the agents
satisfy

lim_[x(t) —x;(t)] = 0

t—o00

)

foralli,jel.

In order to solve the consensus problem of high-order
multi-agent system (1), we propose the following consensus
protocol

(0)

Ui=ko 3 (a+02(0) 04" (t—1) =X"(t~1))
a (i)
_ jzliji )+ pi
bi=—yipi—k 3 (a+2(0)0q" (t—1) X"t~ 1))
j SN
3)
wherek; > 0,i =0,1,---,1, y» > 0 are protocol parameters

to be designedp; is an auxiliary variable to describe the ef-
fects of all-order derivatives’ relative information.denotes
communication delay)a;j(t) denotes the uncertainty afj.

A controlled output function

4(t) = [z1(t),22(1), -,z (V)] €R i€l

is defined as an average of the relative displacements of all
agents as follows

21t) =X - 1 3 X0(t)

=1
) =xV 1) -1 3 xV()

=1 @)
20 =x""0-% 3 5"

Obviously, the multi-agent system (1) achieves consensus

if and only if
tgmmz t)=0 i€l (5)
Let
0 1 o 0 0
0O O 1 0 0
A=li i I
0 -k -k k-1 1
o o o - 0 -n
[0-1 Og_g)xi 01
B=| ko O1xi Bi=| 1
__kl 01><I 0
Bo=[li 0]
rn=1 _1 _1
n n n
_1 n—1 _1
c=| " a
11 n-1
= n n n
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Under the protocol (3), the network dynamics of the multi-
agent system is

)= (h@A)P(t)—((L+AL)@B)¢(t—1)
+ (|n® Bl)w(t)
z(t) = (C®B)¢(t)

where ¢ = [X{,p1, -+ X1,Pn]", @ = [, @], 2=
[z],---,z]", L is the Laplacian of the grapl, AL denotes
the uncertainty Laplacian satisfyif. = E;3(t)E,, where
E; € R™IEl| E, € RIEIXN are specified constant matrices and
3 (t) is a diagonal matrix satisfying' (t)=(t) <.

Define the followingH., performance index

(6)

J— /O'm[zT(t)z(t) Yo heb)d <0  (7)

wherey is a given positive constant.

Based on the above discussion, theconsensus problem
to be addressed is stated as follows.

H. consensus problem: For a given protocol;, we say
the multi-agent systems reakly, consensus if the following
two conditions are satisfied simultaneously:

1). whenw(t) = 0, the multi-agent systems achieve consen-
sus, i.e. lim. 1 2z(t) =0;
2). if zg = 0, the inequality (7) is satisfied.

4 MAIN RESULTS
In this section, we will give conditions to make all agents
achieveH., consensus. Before presenting the main results,
we first introduce a lemma.
Lemma 1 [7]. Consider the matrix C. Then there exists an
orthogonal matrixy = [U; Uj] withU; = %L,, such that
On-1)x1
0

In-1

u'cu =
O1x(n-1)

holds.

Theorem 1. Consider a directed network with fixed topology
and zero time-delay. The multi-agent system (6) reathes
consensus, if there exist a symmetric positive-definite matrix
P e RIHD(-Dx(+1)(n-1) and a scalap > 0 satisfying

M1z M2 Mss
M=| % —ul 0 |<0 ®)
* x =y

whereM1; =P(l, 1 ®A-L®B)+ (I 1®A-L®B) P+
HE‘anl@ B;—Bz, M1o :b(UlTEj_@B), M13:|3(U1T®Bl),
L=U, LUy, E = (U] EJ EUp) @141,
Proof. Let
S(t) = (U1 ®li41) " (1)
5('[) = (U1® ||+1)T¢(t)

whered(t) and 5(t) describe the average and disagreement
states of all agents, respectively.

9)
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Define a Lyapunov function for system (6) as follows

V(D) =o' (1)P(t)
whereP = P" > 0 satisfieP(1, @11, 1) = 0 andrank(P) =
(I+1n—(1+1).
LetP= (Ui®l;11) "P(U1®141), thenV (t) can be rewrit-
ten as

(10)

1®A-L®B|5(t)
— 28T ()P(AL® B)3(t) + 257 (t)P(U; ® By)a(t)

whereL = UlTLU]_, AL = UlTALU]_ = UlTE]_Z(t)Ezul.
And sincez " (t)Z(t) < I, we can obtain

—25" (t)P(AL®B)S(t)

—25" (t)P(U] E1 @ B)(Z(t)E2U1 @ 1141)3(t)
£3T(t)P(U El ®B)(U; E;®@B)"P3(t)
+udT (HES(t)

IN I

wherepy > 0,E = (U] E; EpU1) @ 141
By Lemma 1, we have

2t) = (C®By) (U@ 1)(U @1121) (1)
-coom ]
= (U1®Bp)d(t)

0. Thus whether

we have lim, 1, 2(t) =0 if im0 O(t) =

the system (6) can reach consensus is only related to the com-

ponentd(t).
Denote

N=P(lh.1®A-LoB)+ (I .1®A-LoB)'P
+HE+ P(U{E1®B)(U/E1©B)'P
whenaw(t) = 0, we can obtain
V() <37 (tNS(t) (11)

N < 0 holds wherM < 0, it follows from (10) and (11) that
consensus can be achieved asymptotically.

To study theH., performance for the multi-agent system,

assume zero initial condition, thatw§0) = 0. Therefore, we

have

I=JolZ ®)zt) — Yo' (Hw(t) +V(t)]dt —V () +V(0)
< Jo 2T (0)2t) — Yo (Hw(t) +V ()t
< Jo ET(ME(t)at
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where
Et)=[3"(t) wTT(t)]T
—  [Myy P ®By)
o[ i

Mll =M1+ %ﬁ(UJ_TEl (9 B) (U]_TE1® B)Tﬁ

By Schur complemeni/ < 0 is equivalenttd < 0. Thatis,

(8) guaranteed < 0. Therefore, under the conditidn < O,

all agents reachl,, consensus.

Remark 1. The approach used in Theorem 1 does not need
to perform any model transformation.

Remark 2. Itis worth pointing out that a necessary condition
for (8) is that the grapl# has a spanning tree.

Theorem 2. Consider a directed network with switching
topology %, and zero time-delay. The multi-agent system
(6) reachesl, consensus, if there exist a common symmetric
positive-definite matri® ¢ R(+D(-1)x(+1)(n-1) ' and pos-
itive scalarsuy for each possible communication gragh

satisfying
. Mz Mz Mg
Mo': * _IJO'I 0 <0
—V2|

where My; = Pl 1@ A—Lo ®B) + (In1® A— Ly ®

B) P+ UgEg +In_1®Bj By, M1z = P(U, E15 ® B), Mgz =
P(U] ®By), Lg = U] LoU1, Eq = (U] EjyE20U1) ® 141,
ando denotes the switching signal that determines the topol-
ogy.

Theorem 3. Consider a directed network with fixed topology
and non-zero time-delay. The multi-agent system (6) reaches
H. consensus, if there exist symmetric positive-definite ma-
trices P,Q,R e RI+D(-1)x(+1)(n-1) " and positive scalars

M, Ho, M3, Ma, Hs satisfying

(12)

* *

Mi T2
r= 0 13
{ * rzj < (13)
wherel 11,12 andl 2, are defined in(14), g1 = P(l,_1®
A-L®B)+(In-1®A-L®B)"P+Q,E= (U] E] EoU1)®

li41, andE = (U] E; EoU;) ® BB,

Proof. This theorem can be proved following the lines of the
proof of Theorem 1 and hence omitted. It deserves pointing
out that the Lyapunov function adopted here is as follows

V() = ¢T() P(t)+ ¢ (9Q0(5)ds
+ 1% J o @ (RO (s)dsde

5 SIMULATIONS

The simulation is given to illustrate the effectiveness of
the obtained results. Fig.1. shows a directed graph with
0-1 weights. Each agent has three-order dynamics. Sup-
pose that the uncertainty of each edge satigéigs< 0.01,
the communication delay = 0.1s, and the initial conditions
¢(0)=[050001000-05000-1000".
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W1+1n-1®B; B2 —1(In-1®A) 'RL®B) P(U; ®@Bi)+1(In-1®A)"RU] ©By)
M= * —Q+ mE + 1(Hp+ M3+ Hs)E + THE —1(CL®B) "R, ®By)
* * -y
PL®B) PU{E1®B) 1(I-1®A)'R (In-1®A)"RU, E1®B) 0 0
M= 0 0 0 0 TLeB)'R (LwB)'RU, E;®B)
0 0 0 0 0 0
00 0 0
00 0 0 (14)
0 0 1(U/®B))"R (U ®B;) "R, E;®B)

~1R RU/E;1®1)

_Ha
* =l

Moo= dlag{_E _“l|7_Tﬁ7_&la_Tﬁ7_%l7

T’ T

,—TR —£51}
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