The Seventeenth International Symposium on Artificial Life and Robotics 2012 (AROB 17th ’12),

B-Con Plaza, Beppu, Oita, Japan, January 19-21, 2012

Classes of linear systems of difference equations with bounded solutions

Naoharu Ito!, Reinhold Kiistner?, and Harald K. Wimmer>

I Nara University of Education, Nara 630-8528, Japan
(naoharu@nara-edu.ac.jp)

2 Universitit Hannover, D-30167 Hannover, Germany

3 Universitit Wiirzburg, D-97074 Wiirzburg, Germany

Abstract:

In this paper we investigate higher order systems of linear difference equations where the associated characteristic

matrix polynomial is self-inversive. We consider classes of equations with bounded solutions. It is known that stability properties
of higher order systems of linear difference equations are determined by the characteristic values of the corresponding matrix
polynomials. All solutions are bounded (in both time directions) if the spectrum of the corresponding matrix polynomial lies on
the unit circle, and moreover if the characteristic values of modulus one are semisimple. If the corresponding matrix polynomial
is self-inversive then one can use the inner radius of the numerical range to obtain a criterion for boundedness of solutions. We
show that all solutions are bounded if the inner radius is greater than 1. In the case of matrix polynomials with positve definite
coefficient matrices we derive a computable lower bound for the inner radius.
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1 INTRODUCTION

In this paper we investigate higher order systems of lin-
ear difference equations where the associated characteristic
matrix polynomial is self-inversive. We consider classes of
equations with bounded solutions.

Self-inversive polynomials and matrix polynomials have
been studied in the literature under various names includ-
ing reciprocal, self-reciprocal, palindromic and conjugate-
symmetric (see [1], [3], [8], [12]). There are applications in
numerous areas of engineering, for example, optimal design
of problems governed by hyperbolic field equations [12], the
study of line spectral pairs in speech coding [11], and ker-
nel representations of time-reversible systems [9]. Moreover,
such polynomials are used in applied mathematics to deal
with stability of periodic orbits of autonomous Hamiltonian
systems [10], and to investigate Lie algebras for semisimple
hypersurface singularities [7].

Only recently self-inversive matrix polynomials and cor-
responding linear differential and difference equations ap-
peared in the solution of discrete time linear quadratic op-
timal control problems [2], in the study of discretization
schemes for cubic Schrodinger equations [4] and in vibration
analysis of railway tracks for high-speed trains [5].

It is known that stability properties of higher order sys-
tems of linear difference equations are determined by the
characteristic values of the corresponding matrix polynomi-
als.

All solutions are bounded (in both time directions) if the
spectrum of the corresponding matrix polynomial lies on the
unit circle, and moreover if the characteristic values of modu-
lus one are semisimple (that is the corresponding elementary
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divisors are linear). If the corresponding matrix polynomial
is self-inversive then one can use the inner radius of the nu-
merical range to obtain a criterion for boundedness of solu-
tions. We show that all solutions are bounded if the inner
radius is greater than 1. In the case of matrix polynomials
with positve definite coefficient matrices we derive a com-
putable lower bound for the inner radius. We illustrate our
results by examples.

2 PRELIMINARIES

Let v be complex number with |y| = 1 and
Fo, Fy, ..., F,, complex hermitian n X n matrices satisfy-
ing

F; :’ymejv j:0713"'7m7
det Fy # 0, det F,, #0. (1)
Consider the following higher order systems of linear differ-
ence equation:
Fpx(t+m)+ Fpjz(t+m—1)+---+ Foz(t) =0, (2)

where {z(t)}$2_ . is a sequence of vectors in C” to be de-
termined. The associated characteristic matrix polynomial is

as follows:
F(z)=Fy+ Fiz+- -+ Fp,z2meC""[z]. (3)

The conjugate-reverse matrix polynomial of F'(z) in (3) is
defined by

F(z)=F: + -+ Ffz" L4 Fyzm,

Then it follows form (1) that F'(z) = vF'(z) and thus F(z)
is y-self-inversive.
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We use the following notation. If P(z) € C™*™[z] then
the set of characteristic values of P(z) is denoted by o(P) =
{\ € C;det P(z) = 0}. A characteristic value X of P(z) is
said to be normal if for any v € C",

PANv=0<=v"P(\) =0.

A characteristic value A of P(z) is said to be semisimple if
the corresponding elementary divisors are linear.

Let W(P) = {A € C;v*P(A\)v = Oforsomev €
C™,v # 0} be the numerical range of P(z). It is obvious
that o(P) C W(P). We call ;(P) = min{|A\|; \ € W(P)}
the inner radius of P(z). If H is hermitian then i, (H) and
Amax (H) shall denote the smallest and the largest eigenvalue
of H, respectively. Let || H|| be the spectral norm of H. Then
HH” = maxﬂ/\min(H)lv |/\max(H)|} and

IH | = —=|Amin (H)|.

3 BOUNDEDNESS

In this section we deal with the boundedness for the dif-
ference equation (2). The equation (2) is said to be bounded
if any solution x(t) of (2) with initial conditions z(0) =
zo,2(1) = 21,...,2(m—1) = x,,_1 is bounded for t — oo
and t — —oo.

In the rest of this paper we assume that the associated
characteristic matrix polynomial F'(z) to (2) has the form

F(z) = P(2) + 72" P(2) ©)

for some r > 0 and some P(z) = Zf:o Ajzd € CM¥m[z].
Then F(z) is v-self-inversive. Note that for any P(z) =
Z?:o Ajz? € C™"[z] and any r € Z,r > 0, P(z2) +
v2" P(z) is ~-self-inversive.
We have the following fact (see [6]).

Proposition 1. Ler F(z) be a self-inversive matrix polyno-
mial of the form (4) and suppose r;(P) > 1. Then the char-
acteristic values of F(z) lie on the unit circle, and they are
normal and semisimple.

An immediate consequence of the preceding proposition
is the following.

Theorem 2. Let F'(2) be a self-inversive matrix polynomial
of the form (4) and suppose r;(P) > 1. Then, the difference
equation (2) is bounded.

The following theorem provides a computable lower
bound for the inner radius.
Theorem 3. Let the coefficients Aj, j =0,...,k, of P(z) =
Z?:o A;z7 be hermitian and positive definite. Set
u(P) = min {)\min(AjAjjl); j=0,....k— 1}.
Then r;(P) > p(P).
Corollary 4. If Ag > Ay > -+ > A > 0 then u(P) > 1.
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4 ROBUST BOUNDEDNESS

The difference equation (2) is said to be robustly bounded
if there exists ¢ > 0 such that for any hermitian matrices
Fy, F1,.. ., F, satisfying

HFJ_FJH <€7 F_;‘k:’YFm—j,j:O,l,...,m,

and for any initial conditions z(0) = xzg,z(l) =
Z1,...,x(m —1) = x,,—1 € C", the solution of the dif-
ference equation

Fpax(t+m)+ Fp_jz(t+m—1) 4+ + Fz(t) =0

is bounded for ¢ — oo and ¢ — —o0.
First, we consider the following difference equation in the
caseof n = 1:

apx(t+m)+arxz(t+m—1)+---
+agz(t+m—k)+apx(t+k)+---
+arz(t+1) + apx(t) =0, m > 2k, (5)
where ag, a1, ...,ar € R (ag # 0) are given and {z(¢)}$2,

is a sequence in R to be determined.
Assume ag > a1 > -+ > a > 0. Set

e=min{a; —a;41 |0 <i<k—1}. (6)
Suppose that ag, a1, ..., ar € R satisfy
~ 1.
|ai—ai|<§5,z:O,1,...,k‘, @)

and consider the difference equation

apr(t+m)+az(t+m—1)+ -+
arx(t+m—k)+apc(t + k) + -+
arz(t+1) +apz(t) =0 (8)

and the associated characteristic matrix polynomial

f(z) =ao+ayz+ - +apz®+

a2z P 4+ a2+ Ge2™. (9)

The condition (7) implies a9 > a; > --- > ag. Thus by
Theorem 3.2 in [6] all zeros of f in (9) lie on the unit cir-
cle and simple, and hence for any initial conditions z(0) =
xo,2(1) = x1,...,2(m — 1) = 2,,—1 € R the solution of
the equation (8) is bounded. Therefore the equation (5) is
robustly bounded.

Next, we consider the equation (2) with n X n matrices.
Suppose the matrices M; = A;_1 — A, i =1,2,... k, are
positive definite. Set p; = Apin(M;), 7 = 1,2,...,k and
define = min{p;;4 = 1,2,...,k}. Then M; > pul > 0,
1=1,2,...,k.
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Lemma 5. Suppose Ag > Ay > -+ > A > 0. Let
Ag, Ay, ..., Ay be hermitian n X n matrices satisfying

|A; — A <g, i=0.1,... k.

Set Ak+1 = 0. Then
Ai—l >Ai, 1=0,1,...,k+ 1.
Proof. Set A; = A; — A;. Then

Ay — Ay = (A — A) + (Ao — A)
> pl + (Ao — Ay).

We have
(Aic1 = A) > Amin(Ai—1 — AT > —[[A_1 — A|1.
Moreover,
Qi1 = Adll < JAiall + (1Al < p.

Hence
(Aifl - Al) > MI7
and we obtain fli,l — /L > 0. O]

Using the preceding lemma and Proposition 2 we obtain
the following result.

Theorem 6. Let F'(2) be a self-inversive matrix polynomial
of the form (4) and suppose that Ay, Ay, ..., Ay are hermi-
tian with

Ag> Ay >---> A, > 0. (10)

Then the difference equation (2) is robustly bounded.
5 EXAMPLE

Example 1. Consider the following difference equation with
n=2:

(_22 ;) x(t+3) + <(1) (1)> z(t+2)

+ ((1) (1)) o(t+1) + <2i ;) () =0 (11

The associated characteristic matrix polynomial F'(z) is as
follows:
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F(2) has the form (4) with v = 1 and r = 2. Thus F(z) is
self-inversive. It is easy to see that the coefficients of F'(2)
are hermitian matrices satisfying

(25> 7)o

Therefore, it follows from Theorem 6 that the equation (11)
is robustly bounded.

We obtain that the spectrum of F'(z) lies on the unit circle
and all characteristic values of F'(z) are normal and semisim-
ple. In fact, one has

det F(z) = (2 + 1)? (22— <;—\1/03> z+1>

<za_<;+{§>z+1)

and all zeros of det F'(z) lie on the unit circle (see Fig.1).

71‘ 70.‘5 (; 0.‘5 {
Fig. 1. Characteristic values of (12)

Computing the Smith form S(z) of F(z), we obtain

= (70" o)

o-(--4))
o (1 V5

Hence, it can be seen that all characteristic values of F'(z)
are normal and semisimple.

Example 2. Consider the following diffrence equation with
n=3:

Apz(t+3) + Ajz(t +2)
+ Azt +1) + Agx(t) =0 (13)
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where

1 00
,Ai=10 1 0

0 0 1
The associated characteristic matrix polynomial F'(z) is
given by

F(z) = P(z) 4+ 22P(2), P(z) = Ag+ A1z.  (14)

Then, it is easy to see that Ay and A; are positive definite
hermitian matrices. Moreover, one has Ay ¥ A, but Ag >
A; because of det(zI — (Ag — A1) = z(z — 2)(z — 3).

We compute the inner radius r;(P). To do so, set v €
C, v # 0. Then,

a
v*PNv=(a b ¢ P\ |b]| =Avf>+0v"Av.
C
Thus r;(P) = 1 because of det(z] — Ag) = (z — 1)(z —
3)(z—4).
We obtain

det F(z) = 12 4+ 192 4 272% + 532° + 4924
4 492° 4+ 5328 + 2727 + 1928 4-122°
= (2 +1)°(2* +1)
(322 — 22+ 3)(42% — 3z + 4)

and thus it can be seen that all zeros of det F'(z) lie on the
unit circle (see Fig.2).

—1‘ —0.‘5 [; 0.‘5 1‘
Fig. 2. Characteristic values of (14)

Computing the Smith form S(z) of F'(z), we obtain

z+1 0 0
S(z) = 0 (z+1) 0
0 0 Hz+1)p(2)
where p(z) = (22+1)(322—22+3) (422 —32+4). Hence, the
spectrum of F'(z) lies on the unit circle and all characteristic

values of F'(z) are normal and semisimple. Therefore, (10)
is not nessesary for robust boundedness.
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