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Abstract: We have proposed a model reference adaptive control scheme (conventional control scheme) for continuous time
single-input single-output linear systems with an input saturation in wttltlderivatives of the output signal £ 1,- - - , relative

degree) are available. In the conventional scheme, a condition for the initial states of the controlled object has to be satisfiec
In this paper, the main attention is focused on the relaxation of the condition. To achieve the objective, we propose an improve
adaptive control scheme. As a result of analyzing stability of the closed loop system using the improved adaptive control scheme
a new condition for the initial states is derived. It should be emphasized that we can apply the new control scheme in a large
region of initial states compared with the conventional one.
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1 INTRODUCTION proved adaptive controller can be utilized in a larger region

In practice, the values of the system parameters, that of initial states compared with the adaptive control scheme
are coefficients of dynamic equations describing behavior of Proposed in [18].
physical systems, vary due to aged deterioration or environ-
mental changes. For the systems, adaptive control schemes2 PROBLEM STATEMENT
[1]-[3] were useful. However, input saturation was ignored |, this paper, we consider the controlled objects described
in the early works. To overcome the problem, various adap- by '
tive control schemes have been developed for single-input
single-output (SISO) linear systems [4]-[16]. These schemes bmBp(s) Cp(s)
guarantee boundedness of all signals in the closed loop sys- Y(s)= A9 F(s)+ A(S)
tems. But most of them could not assure asymptotical sta- P P

— -1
bility of a tracking error between the output of the controlled Ap(S) = S +n-18" Foortasta @)
object and a desired trajectory. Although there exist some Bp(s) = s + bml—lsm_ +-+bis+ Do
schemes that can assure asymptotical stability of the track- Cp(8) =CraS"™ + -+ 1S+ G

ing error, they have a problem that controlled objects are re- . 1 .
stricted to asymptotically stable systems. Moreover, in all WhereAy(s) andBy(s)are coprime f(u) = L[F(s)] " € R is
proposed schemes, there exists a problem that a method toa saturation function given by
improve tracking performance have not been provided. o for ut)>o

To struggle against these problems, for the first step, the fuy=1 u(y for u@l <o @)
authors proposed an adaptive output tracking control scheme | 2o for u) < —o
for SISO linear systems with an input saturation in which
full states can be measured [17]. The closed loop system whereu(t) € R is the control input and the positive constant
using the proposed controller has the following properties: ¢ is an amplitude saturation level of the actuator.
1) Stability of all signals in the closed loop systems can The reference model is given by
be guaranteed; 2) Convergence of the tracking error to zero

is assured even for unstable controlled objects; 3) Setting Yu(9) = BM(S)R(S)

only one design parameter, the control performance can be MAS = An(s) 3
easily improved. For the next step, to decrease measure- Aw(9) = S™ + Ay, -S™ L + -+ - + am1S + amo ®)
ment signals, fom-th degree systems with an input satu- Bum(S) = byim, S™ £ byis+ bwo

ration and the relative degree, we proposed an extended
scheme satisfying 1)-3) in whichth derivatives of output whereym(t) = L£7YYm(9)] is the reference output(t) =

signal (i= 1, ---, n;) are only required [18]. However, to -1 i i : i -
achieve the good properties 1)-3), the condition for the initial #ia[Réﬁ)&nlj T(ﬁn:ﬂefgr%nfen{nQl_uhtg,v.r(esf)elrserﬁcuerm':)zuﬁglyilg %
states of the controlled object has to be satisfied. deterministic signal given by

In this paper, the main attention is to relax the condition
for the initial states derived in [18]. We propose an improved R(S) = Br(S)
adaptive controller for SISO linear systems with an input sat- (s)= AR(S)
uration in which the output derivatives up to the order of rel- Ar(S)= S¥ + ar@_1yS" L+ + amS+ aro )

ative degreen, are available. In the proposed adaptive con-
troller, it is shown theoretically that the same good proper-
ties 1)-3) can be assured under a new condition for the initial whereAg(s) andBg(s)are known polynomials, ang —m, >
states. Moreover, it can be shown theoretically that the im- 0.

Br(S) = brm S™ + - -+ + briS+ bro
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Thetracking error is defined ag(t) = y(t) — ym(t). Then,
using the polynomials

Ap(s) = qu(S)Bp(s) + Apr(9)
Apg(s) = "M+ aq(n rTF1)§“ m-1 -+ ag1S+ aqo}, (5)
Apr(9) = arm-nS™ -+ ar15+ ano

the following state space description can be derived [18].
Xe(t) = Axe(t) +brmb ( f(u)—c] Z(0) - 67 x: (1) + (1))

Xe(t) = [ye(t), Ye(t), «--, ye(t)(n_m_l)]T
A—K—b T’ b’ = [0, ,0’1]

LTB I s

T [aTOa 9a|’ ]
Xr (t) = Arx (1), Xr(o) = Xro0
Z(t) = Azz(t) + hcixe(t), z(0)=0
N [ 0 | |
27| =bo [ =B1--- —DBm
= [05"' »Oal/bm]a C-)r(- = [1,03“' ’0]

Where ¢(t) is an unknown bounded exponential damping
function, 6, is an unknown parametef, is known constant
matrix, andx;(t) € R™*™ is a known state with respect to
the reference model.

Using a known constant vectdre R"™, the Hurwitz ma-

trix Ae is defined a®As = A — bd". Then, defining the signal

{(t) = clz(?), the tracking error system (6) can be rewritten
as

Xe(t) = AeXe(t) + bmb (f (u)- Q(t))
a(t) = 60 w(t) + £(1), €(t) = c;z(Y)

o)’ = é [60). 6L, 6], £2 1
()’ =21 x(0, X (0]
b—m(aq -d

wheref(t) and{(t) areunknown signals. The design param-
etere is a positive constant. The design parametisrintro-
duce to reduce the initial valu@(0)||.

The controlled objective is that the tracking error becomes
asymptotically stable even if a controlled object is not asymp-
totically stable. To achieve the controlled objective, the fol-
lowing assumptions are made:

(6)

>|

s aq(n—m—l)]

()

(8)

Al Coefficients of polynomial#\,(s), Bp(s) andCy(s) are
unknown constants.

A2 The plantis minimal phase.

A3 Sign ofby, is known. It is assumed that the sign is posi-
tive hereafter.

A4 Relative degre@ — mis known.

A5 y(t)® i=0,---,n—m-1are available.

A6 There exists a known positive constapsuch thatA, =
A, + 6,1 is Hurwitz matrix.

A7 There exists bounded positive constaif; and py,
suchthat|f; x(t) = ¢(t)| < Py andlix Ol < pya-

A8 Therelationo — py; > 0 holds.

A9 Thesaturation levetr is known.

The assumptions AL A4 are the same assumptions made in
conventional adaptive control scheme. From the assumption
A2, A; becomes Hurwitz. Sincg(t) is bounded exponen-
tial damping function, it is also seen that there exist positive
constantsp,, d; such thatf|é(t)]| < ps expE-dyt). The as-
sumptions A5~ A9 are introduced to develop the adaptive
controller mentioned later. From the assumption A5, the sig-
nal x¢(t) is available.
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3 DEVELOPMENT OF ADAPTIVE CON-
TROLLER

3.1 Conventional adaptive controller

In [18], the controller developed under the assumptions
Al1~A9 is given by

u(t) = a(t) = 6t) w(t) + E(Tt) } ©)
0(t) = [0,0). 607, B, 0] |

0(t) = —a3g(t)%e(t)T Pl w(t), I' > 0

() = —5,8(t) - 3a3g(t)>~<e(t)TPb, {(0)=0

Relt) = Xe(t) = Sell)

Xe(t) = AeRe(t) + a?%e(t), Re(0) = Xe(0) ., (10)

g =1-(1-p(1-des(), 125>0
Sei(t) = 1 for xe(t)Tbe(u) <0
Y71 0 for %e(t)TPbf(u)>0

f(u) = f(u)—u(®)

whereg,(t), f¢(t) andé, (t) are estimate values corresponding
to the unknown signg&(t)/s and constant®./e and 6, /¢,
respectivelyXq(t) and£(t) are estimates ofe(t) and{(t), re-
spectively. The design parameters&ndp are positive con-
stantsI" is a positive definite matrix. The design parameter
p¢ IS a positive constant satisfying

b (g+ )nczthu2 4cTAN? |
pe= bm a  pPe /lmln[Q] Pz/lmin[QZ]
-1
pz=(f+é) /lmin[QZ] /lmin[Q] s (11)
@ pe 4 ||P;hck|?
Amin[Q] ( |P||) !
pe= 6
a

wherea denotesa lower bound of the design parameter
such thatr > & > 0, design parametef@ andQ;, are positive

definite matricesP and P, are the solutions of the following
Lyapunov equations.

T —
ﬁ$g ++F)PA2\_— —QQQ(S O> 0

zFz zMz — Z> z
The estimated signae(t) and the design parameteris in-
troduced to improve performance of the estimatorséfoy
and/(t). The design parametgris introduced to guarantee
tracking performance between the control input sigi@l
and the ideal input signa(t) = 6(t) w(t) + £(t). The switch
function §z+(t) is introduced to assure stability of the closed
loop system with the input saturation.

To show the property of the closed loop system, we define
the following Lyapunov function candidate

V(t) = V1(t) + pv2Va(t)
Vi(t) = a3%e(t)TPXe(t) + Ve(t)

+022()" P22(t) + bmoc((1)?
+br@(t)TT6(t)

(12)

2py Vb |2
Val(t) = % exp(—o,t) ’ 13)
_ V2(0) + \/VQ(O)Z + 4V1(0) +s
o) = 1) - £), é%t) = 4(t) - 6(t)
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Ve(t) = paRe(t) PRe(t)

whered(t) andZ(t) arethe parameter estimation errors, and
oy is a design parameter of a positive constant.

_ Define a input estimation erré(t) asq(t) = qa(t) - q(t) =
()T w(t) + £(t). In the closed loop system using the conven-
tional adaptive controller, the following theorem holds [18].

(14)

Theorem 1 If the initial states satisfy

p5 = V(0) } 3
= pexe(0)" Pxe(0) + br6(0)'I'~16(0)
+pv2V2(0
1
Pv = 2Bow {_ (ou1 + Bou2)

+ Jous + B + 4o - /_?Ml)ﬁ'pus}

116e1? lIcA? }
= ,[2max i
g \/ {Pé/lmin[P] P2Amin[ P2 , (15)
Pu2 = — max pMZ -
b

Amin [I"%]’ Ve
&

t—7
‘/m min [F‘é]
2 1 1
Pus = max{ —., —
a” pe

BrmAmin [Ffl] /lmin[ P]
in addition, the lower bound of the design parametes
given by

a? > 2b6ell VBT PbAmin[ P11, (16)

the closed loop system using the controller (9) — (12) be-

comes stable, and the error signalét), %(t), z¢), £(t) and

G(t) converge to zero. When the design parameters are fixed
except for the design parameter the following relation
holds.

G(t)? < exp(—apqt) GOF + @ "pq2

Wherepg;, i = 1,2 are bounded positive constants indepen-
dent of the design parameter =

17)

From Theorem 1, we have the following remarks.

Remark 1 It is seen from Theorem 1 thé(t) converges

to zero rapidly as the design parameteincreases. Then,
the control input signal (9) becomes close to the ideal input
u(t) = gq(t). Therefore, it can be expected that if the value
of the design parameter is large enough, the oscillations
caused by the estimator of unknown parameters are hard to
occur in the control input signal.

Remark 2 Consider the case whdijft) converges to zero
rapidly. Sincexg(t) converges to zero, from the assumption
A8, it is seen that there exists> 0 such thatq(t)| < o, t; >
t. Then, fort > t, Xe(t) converges to zero at the convergent
rate specified by the system matix.

Remark 3 From (15),0, becomes large as the desing pa-
rameterB decreases. The upper bouncpgis

o~ Pm1
Pul

lim py =

lim (18)
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Fromthis fact, it can be seen that if the condition

)iy (”ﬁ‘;hf] , Kle) > X0 Pxe(0)
K, = /lmin[Qz]/lmin[Qf/lmin[ Pz]
! 16] P,hckIlIc

/lmin[Q]
ST

is satisfied, for any initial condition of the parameter estima-

tion error@(0) andV»(0), there exist design parameterd”,
andg such that the first equation of (15) holds.

3.2 Improved adaptive controller

If the left side of the first equation in (19) can become
large, the region of the initial states satisfying Theorem 1
can be expanded. To achieve this, the Lyapunov function
candidate is redefined as (13) and

Ve(t) = Xe(t)" Pxe(t)- (20)

Analyzing the derivative of (13) and (20), the improved adap-
tive controller is developed as (9) and

(19)
Ka=

0(t) = ~a°g(%e(t)T POT w(t), I' > 0
ot) = —6£(t) - ia?'g(t)ie(t)TPb, {(0)=0
4

Relt) = Zelt) + 5 Xe(t)

Zelt) = Xelt) - Xe(t) . ()
Xe(t) = AeXe(t) + a?Xe(t), Re(0) = Xe(0)
g =1-(1-B1-de(), 1>>0
Ser(t) = 1 for Xe(t)"Pbf(u)<0

Y =1 0 for Xe()TPbf(u)>0

f(u) = f(u)— u(®)

where the design paramejersatisfies
_ 6 [uethel® AR |

pe= 4bm | Amin[Q] P2Amin[QZ] (22)

_ /lmin[ Z] /lmin[Q]
z 16  ||P;hc]12

Then, for the closed-loop system using the improved adaptive
controller, the following theorem holds.

Theorem 2 If the initial states satisfy

PG, = V(0)
= Xe(0)" Pxe(0) + bn@(0)T"-16(0)
+pv2V2(0)

1
Vi = m{_ (pul +,8pu2)

i us o+ 4~ )i

o = max{ [6ell* llcal? } . (23)
" /lmin[P], PzAmin[ Pl
1 ez +1) 1
Pm2 = max =, —
" Vb {ﬂmm TR
1
Pm =

\/bmﬁmin [Ffl] /1min[ P]
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the closed loop system using the controller (9), (12), (21),
and (22) becomes stable, and the error signal®, X(t),

zZ(t), £(t) anddq(t) converge to zero. When the design param-
eters are fixed except for the design parametehere exist
the bounded positive constany;, i = 1, 2 independenbf

the design parametersatisfying (17). ]
For the lack of space, the proof is omitted. ]
From Theorem 2, it can be ascertained that the properties

stated in Remark 1 and Remark 2 hold. Moreover, we have
the following remark for initial states.

Remark 4 From (23),py, becomes large as the desing
parametep decreases. The upper bounggf is

lim py, = ——£V1 (24)
B—=0 Pmi

Fromthis fact, it can be seen that if the condition
/lmin[P]
166l

is satisfied, for any initial condition of the parameter estima-

tion error(0) andV-(0), there exist design parameterd”,
andg such that the first equation of (23) holds.

(0 — Pyy)?min ( Kl) > Xe(0)" Pxe(0) (25)

From Remark 3 and Remark 4, we have following fact. Com-
paring with the value of (19) and (25), since the parami€ter
become«K; < 1, it can be easily ascertained that the value of
the left hand side of (25) becomes at least two times larger
than and equal to the value of the left side of (19). This
means that the improved adaptive controller can be applied
to the larger region of the initial states compared with the
conventional one proposed in [18].

Therefore, it can be concluded that the improved adaptive
controller can achieve good properties mentioned in Remark
1 and Remark 2 and the relaxation of the condition of the
initial states.

4 CONCLUSION

In this paper, the main attention was to relax the condi-
tion for the initial states of the closed loop system using the
conventional adaptive control scheme proposed in [18], we
proposed the improved adaptive control scheme. Using the
proposed adaptive controller, it is shown theoretically that
the following properties can be achieved: 1) Stability of all
signals i the closed loop systems can be guaranteed; 2) The
tracking error can converges to zero even for unstable con-
trolled objects; 3) Tracking performance can be improved
by setting the only one design parameter Moreover, it
was shown that we can apply the improved adaptive control
scheme in the larger region of the initial states compared with
the control scheme proposed in [18].
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