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Abstract: The problem of balancing a two wheeled robotic platform has been intensively studied and well understood. However
in such studies, the mathematical model of the robot is commonly derived under the assumption that the robot remains constant
contact with the ground. This assumption limits the movement of the robot to continuous ground surface. In other words, any
momentary airborne situation, such as traversing down a flight of stairs or falling off edges will render the control algorithm
ineffective and cause the robot to fall upon landing. In this paper, the dynamics of a free falling two wheel robot are investigated
and a novel attitude control scheme is proposed. We proposed using the wheel of the pendulum as a reaction wheel to provide
control torque for correcting the robot’s attitude in air and ensure a safe landing. The effectiveness of the proposed approach is
demonstrated through both simulations and actual implementation.
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1 INTRODUCTION
Mobile robots that are deployed into human environment

will need to traverse through non-continuous terrains such
as steps or stairs in order to navigate around certain area.
Various kinds of robots have been designed to tackle this
problem. Most notably biped type humanoid robot such as
ASIMO [1] are able to traverse up and down stairs. How-
ever, due to its complexity and price of manufacturing, de-
ployment of biped type humanoid robot is still uncommon
and not economically practical. As for wheeled robots, ma-
neuvering through non-continuous terrains remains a chal-
lenging open problem.

Various statically stable mobile wheeled robots have been
developed for tackling such problem. For example the So-
journer [2] developed by NASA and the Shrimp robot [3]
developed by EPFL uses a combination of adaptive legs with
the efficiency of wheels to enable the robot to traverse through
uneven terrain and steps. These approaches rely on the re-
dundancy of static points of support on the base to provide
stability to the robot during climbing up/down steps. Draw-
backs on these robots are increased complexity in structure
and control and increased size. In human environment where
workspace is limited, their navigation ability may be restricted
since they typically require a larger workspace.

In contrast, dynamically stable robots like JOE [4], Ball-
bot [5] which use active control to achieve balance possess
greater flexibility in maneuvering and are more resistant to
external disturbance. These robots also have a smaller foot-
prints and possess a near-zero turn radius for moving in a
limited space. Given the robustness against applied external
forces, these robots prove to be more usable when deployed
into human environment.

This paper explores the possibility of a two wheeled robot
to traverse down a non-continuous ground step. The dynam-
ics of the free falling motion are investigated and a novel atti-
tude control scheme is proposed. The proposed approach ex-
tends the ability of the two wheeled robot to traverse through
rough and edgy terrains. During free fall, a two wheel robot
behaves similarly to a reaction wheel pendulum, with pivot
point at the center of mass. Hence it is possible to use the
momentum of the wheels to generate correction torque to
alter the orientation of the robot and ensure a safe landing.
Two separate feedback control schemes designed using the
linear-quadratic controller (LQ) are employed for two phases
of airborne falling and ground contact. A switching con-
troller selects the adequate controller according to the situ-
ation. The effectiveness of the proposed approach is demon-
strated through simulations and actual implementation.

2 RELATED WORK
IHop [6] developed by the Flow Control and Coordinated

Robotics Labs, UCSD uses an interesting approach, similar
to our proposed technique to balance a hopping robot. IHop
demonstrated that it is possible to use the wheels as reaction
wheels to alter the movement of the center of mass of the
robot to achieve dynamic balancing. However in the case of
IHop, dynamic balancing of the robot is demonstrated only
on flat ground. Experiment on traversing through steps was
not demonstrated. Kikuchi et al [7] proposed using vibra-
tion of a 2-DOF system as a hopping mechanism for the
robot. The robot uses a moving mass and potential energy
stored in springs to achieve soft landing through a vertical
step. However, the robot presented is statically stable and
exhibits drawbacks that were discussed earlier.
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3 DYNAMIC MODEL

Fig. 1: The schematic of two wheeled robot

In this section, the dynamics of the robot is presented. To
simplify the problem, a few assumptions are made. First, it is
assumed that the orientation of the robot in roll direction re-
mains constant during flight and hence attitude control in roll
direction is negligible. Under this assumption, the problem
can be simplified into a two dimensional pendulum problem.
Second, the moment of inertia of the wheels is sufficiently
large in order to be able to act as a reaction wheel to alter the
momentum of the robot. This assumption ensures that the
system is controllable without introducing additional actuat-
ing mechanism. Mathematical models of the robot during
ground contact and airborne phases are derived according to
the schematic shown in Fig.1 corresponded to the parameters
in Table 1. On ground, the robot behaves just like an ordi-
nary two wheeled pendulum robot whereas during airborne
phase, the robot behaves like a reaction wheel pendulum with
the pivot point on the center of mass of the robot. Due to
large available literatures on derivation of the dynamic mod-
els of two wheeled pendulum and reaction wheel pendulum
[8][9][10], detailed step-by-step derivation of the mathemat-
ical model is omitted.

Table 1: List of symbols

mb Mass of body
mw Mass of wheels
Ib Inertia of body around center of mass
Iw Inertia of wheels around center of mass
r Wheel radius
lb Length of wheel axis to body’s center of mass
lcg Length of wheel axis to robot’s center of mass
g Gravity
θb Tilt angle of robot body
θw Rotational angle of wheels
τm Motor Torque

3.1 On ground
Using Lagrangian mechanics the equation of motion of

the robot traveling on ground can be easily obtained [10].

The equations of motions are then linearized and put into the
form of state-space representation for controller design as de-
scribed in the next section,

ẋg = F (x, u) = Agxg +Bgu (1)

where xg =
[
xg1 xg2 xg3 xg4

]T
is the state vector

and u is the scalar motor torque input. By choosing xg1 =

θw, xg2 = θ̇w, xg3 = θb, xg4 = θ̇b, and u = τm, we obtain

Ag =


0 1 0 0

0 0 ag23 0

0 0 0 ag34
0 0 ag43 0

 , Bg =


0

bg2
0

bg4

 (2)

The values of ag23, ag34, ag43, bg2 and bg4 are specific to
actual robot configuration [10].

3.2 Airborne
Similarly, using Lagrangian mechanics, the equations of

motions of the robot during airborne can be derived, lin-
earized and put into state space form as shown below,

Aa =

 0 1 0

aa21 0 0

0 0 0

 , Ba =

 0

ba2
ba3

 (3)

Here, only three of four available states are used to describe
the motion of the robot, namely θb, θ̇b and θ̇w. The rotational
angle of the wheel are not controlled during airborne phase
and hence not included into the motion model. Note that
in the case of airborne, unlike conventional reaction wheel
pendulum where the pivot lies on the base of the pendulum,
the pivot point actually lies on the center of mass of the robot.

4 CONTROL
The control of the robot is divided into two phases. When

the robot is moving on the ground, a linear quadratic(LQ)
controller designed around equation (2) is employed. The
feedback control torque τm is given by

τgm = −Kgxg + kg1θwref (4)

where Kg = [ kg1 kg2 kg3 kg4 ] is the feedback gain
obtained from the LQ controller and θwref is the reference
value for controlling the rotational angle of the wheel and
hence the horizontal position of the robot.

When the robot falls off a step, a different LQ controller
designed based on equation (3) is employed to control the
attitude of the robot. The feedback control torque in this case
can be written as

τam = ka1(θbref − θb)− ka2θ̇b − ka3θ̇w (5)

where ka1, ka2 and ka3 are feedback gains computed from
LQ controller. θbref is the reference body tilt angle during
airborne.
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Additionally, a simple switching controller is used to se-
lect appropriate controller depending on the height of the
robot above ground.

τm =

{
τgm for |h| 5 hthreshold
τam for |h| > hthreshold

(6)

where h is the height of the robot above ground and hthreshold
is the height threshold value determined experimentally.

5 SIMULATION RESULTS
Before building an actual experimental platform, computer

simulation is carried out to test the viability of the proposed
idea. Based on our assumptions made in section 3, our prob-
lem is simplified into a 2 dimensional problem and hence in
simulating the problem, a 2 dimensional simulator, Box2D
[11] physics engine is used. The simulation results show that

Fig. 2: Simulation results: freefall using attitude control

the robot is able to land and remain upright from a fall height
of 0.25 meters. By actively controlling the rotation of the
wheel, it is possible to generate sufficient torque to alter the
angle of tilt of the robot body to ensure safe landing. How-
ever in this simulation, issues on motor torque limit versus
motor size were not taken into consideration and hence sim-
ulation results might be biased.

6 EXPERIMENTAL PLATFORM
In addition to simulation results, an experimental two wheeled

mobile robot platform (Fig.3) is constructed to evaluate the
validity of the controllers. The robot is equipped with an iner-
tia measurement unit (IMU) consists of a 3-axis accelerom-
eter and a 2-axis gyroscope and a DC motor with encoder.
Kalman filter is used to estimate the angle of tilt and angular
velocity of the body. As for calculating the angular velocity
of the wheel, instead of direct differentiating the measure-
ments of encoder to obtain the angular velocity, an alpha-beta
filter is used for estimation. This is due to the fact that direct

Fig. 3: Free fall of a 2 wheeled pendulum robot

differentiation of encoder measurements will introduce addi-
tional noises from non-linearities such as gear backlash. The
alpha-beta filter is a simplified kalman filter with constant
update gains. Values of α and β are experimentally chosen.
An ultrasonic distance sensor is fitted onto the bottom of the
robot to measure the height of the robot above ground. All
the sensor information is measured and processed using a 32-
bit ARM microcontroller running at a clock speed of 96MHz.

7 EXPERIMENT AND DISCUSSIONS

Fig. 4: Free fall using conventional feedback control

In our experiment, the robot is commanded to fall from
a 20cm step (roughly same height as the robot). Figure 4
shows the experiment results of the free fall dynamics of the
2 wheel pendulum robot using conventional feedback con-
troller. During free fall, the robot lost contact with the ground
and is unable to generate balancing torque. This triggers the
feedback controller to increase the feedback signal and spins
the wheel faster. On landing with fast spinning wheels, large
torque is applied on the robot and causes it to loose balance
and fall. We have also experiment with turning off the motor
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Fig. 5: Free fall with attitude control

during airborne. However, forward momentum from the fall
is too large and the robot failed to recover. Figure 5 shows the
experiment results of our proposed method. During the fall,
the robot tilts backward in order to cope with the forward
momentum during landing. Tilting control is achieved by
spinning the wheels. Upon landing forward momentum neu-
tralizes the tilt and brings the robot straight up. On-ground
feedback controller take over and ensures the robot remains
balance. The process of safe landing from a fall is illustrated
in Fig.5.

8 CONCLUSION
In this paper we presented a unique solution enabling 2

wheeled pendulum robots to traverse down a non-continuous
ground. During free fall, the 2 wheeled pendulum robot acts
like a reaction wheel pendulum with pivot point at the cen-
ter of mass. Hence, by actively controlling the spin of the
wheels, it is possible to generate attitude controlling torque
to ensure a safe landing. On ground and airborne dynamic
models are presented along with two feedback controllers
designed accordingly. The idea is simulated before an ac-
tual experimental platform is built. The experiment results
show that the proposed method is viable and extends the ma-
neuvering ability of 2 wheeled robots. Currently the airborne
tilt angle are chosen experimentally. Future work will aim to
automate airborne tilt angle control, as well as safe landing
from increased height.
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