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Abstract : One of the approaches to sampled-data controller design for nonlinear continuous-time systems consists
of obtaining an appropriate model and then proceeding to design a controller for the model. Hence, it is important
to derive a good approximate sampled-data model because the exact sampled-data model for nonlinear systems is
often unavailable to the controller designers. Recently, Yuz and Goodwin have proposed a more accurate model
than the simple Euler model in the case of a zero-order hold. This paper derives a sampled-data model for nonlinear
systems using a fractional-order hold, and analyzes the zero dynamics of the sampled-data model.
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I. INTRODUCTION

Real systems are usually modeled by using laws of
physics and are consequently described by ordinary
differential equation models. However, we typically in-
teract with these systems by digital devices that utilize
sampled data. Thus, the study of sampled-data con-
trol systems has become an important issue in control
fields.

When dealing with sampled-data models for non-
linear systems, the exact sampled-data model is of-
ten unavailable to the controller designers [1]. Then,
the accuracy of the approximate sampled-data model
has proven to be a key issue in the context of con-
trol design, where a controller designed to stabilize
an approximate model may fail to stabilize the exact
discrete-time model [2].

Recently, Yuz and Goodwin have proposed a more
accurate model than the simple Euler model [3]. The
resulting model includes extra zero dynamics corre-
sponding to the relative degree of the continuous-time
nonlinear system. Such extra zero dynamics are called
sampling zero dynamics. It is shown that they are
unstable when the relative degree of a continuous-
time nonlinear plant is greater than or equal to two.
Thus, the closed-loop system becomes unstable when
a discrete-time controller design method based on the
assumption of the stability of the zero dynamics is ap-
plied [5], [6].

In the linear case, the properties of the sampling
zeros corresponding to the sampling zero dynamics for
nonlinear systems have been discussed in many papers

[4], [7]-[13]. Some of the previous studies show that
when the relative degree of a continuous-time plant is
two, use of a fractional-order hold instead of a zero-
order hold overcomes the problem above [8], [9], [13].
Hence it is natural to raise a question how the results
of the linear case with the fractional-order hold can be
extended to nonlinear systems.

This paper derives a sampled-data model for non-
linear systems using a fractional-order hold, and an-
alyzes the zero dynamics of the sampled-data model
to show a condition which assures the stability of the
sampling zero dynamics of the model.

II. SAMPLED-DATA MODELS WITH

FROH

Consider a class of the following single-input single-
output nth-order nonlinear system with the uniform
relative degree r(≤ n) which is expressed in its so-
called normal form [14], [15]

ξ̇ =

[
0r−1 Ir−1

0 0T
r−1

]
ξ

+

[
0r−1

1

]
(b(ξ, η) + a(ξ, η)u)

η̇ = c(ξ, η)

y = ξ1

(1)
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ξ =

 ξ1
...
ξr

 , η =

 ηr+1

...
ηn

 , c =

 cr+1(ξ, η)
...

cn(ξ, η)


where a(ξ, η)̸= 0, b(0,0) =0 and c(0,0) = 0.

We are interested in the sampled-data model for the
nonlinear system (1) when the input is generated by a
fractional-order hold (FROH); i.e.,

u(t) = u(kT ) + β · u(kT )− u((k − 1)T )

T
(t− kT ),

kT ≤ t < (k + 1)T, k = 0, 1, · · · (2)

where β is a real design parameter and T is a sampling
period. The signal reconstruction of a fractional-order
hold is shown in Fig. 1 [8], [9], [13].

0 T 2T

Fig. 1: The signal reconstruction of a fractional-order hold with
β = −0.5.

The sampled-data model for (1) is derived below.

First, note that

u̇(t) = β · u(kT )− u((k − 1)T )

T
, ü(t) = 0 (3)

then, one can obtain for sufficiently small sampling
periods that

ẏ = ξ̇1 = ξ2
...

y(r−1) = ξ̇r−1 = ξr

y(r) = b+ au

y(r+1) = ḃ+ ȧu+ au̇

= ḃ+ ȧu+ aβ · u(kT )− u((k − 1)T )

T

≈ aβ · u(kT )− u((k − 1)T )

T

(4)

The final approximation result of y(r+1) is derived
from the fact that the third term with β is dominant
in the second equation for a sufficiently small T .

Applying the Taylor’s expansion formula to
y(i)((k + 1)T ) and using (4) yield

ξi+1,k+1 = y
(i)
k+1

≈ y
(i)
k + Ty

(i+1)
k +

T 2

2
y
(i+2)
k +

· · ·+ T r−i

(r − i)!
y
(r)
k +

T r−i+1

(r − i+ 1)!
y
(r+1)
k

≈ ξi+1,k + Tξi+2,k +
T 2

2
ξi+3,k + · · ·

+
T r−i

(r − i)!
(bk + akuk)

+
T r−i

(r − i+ 1)!
{akβ (uk − uk−1))}

i = 0, · · · , r − 1 (5)

where
bk ≡ b(ξk, ηk), ak ≡ a(ξk, ηk) (6)

and, the subscripts k and k+1 denote the time instants
kT and (k + 1)T , respectively.

Hence, a sampled-data model for (1) is obtained as
follows.

ξk+1=Fβ,kξk + gβ,kuk + hk (7)

ηk+1=ηk + Tc(ξk, ηk) (8)

yk = ξ1,k (9)

where

ξk =[ ξ1,k · · · ξr,k uk−1]
T

Fβ,k =



1 T
T 2

2!
· · · T r−1

(r − 1)!
− T r

(r + 1)!
βak

0 1 T · · · T r−2

(r − 2)!
−T r−1

r!
βak

...
...

...
...

...

0 0 0 · · · 1 −T

2!
βak

0 0 0 · · · 0 0



gβ,k=



T r

r!
ak +

T r

(r + 1)!
βak

T r−1

(r − 1)!
ak +

T r−1

r!
βak

...

Tak +
T

2!
βak

1


, hk=



T r

r!
bk

T r−1

(r − 1)!
bk

...
Tbk
0
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The local truncation error between the true system
output and the output of the sampled-data model is
of order T r+1 which implies that the accuracy of the
obtained sampled-data model is the same order as that
by Yuz and Goodwin’s model [3].

III. SAMPLING ZERO DYNAMICS OF

THE SAMPLED-DATA MODELS

In this section, we obtain the sampling zero dynam-
ics of the sampled-data model (7)-(9). First, substi-
tuting yk+1 = yk = 0 into (7) and (8) yields[

ξ̄k+1

0

]
= M

[
ξ̄k
uk

]
+ l (10)

ηk+1 = ηk + Tc(0, ξ̄k, ηk) (11)

where

ξ̄k =
[
ξ2,k · · · ξr,k uk−1

]T
M =

[
M11 m12

mT
21 m22

]

M11 =



1 T
T 2

2!
· · · T r−2

(r − 2)!
−T r−1

r!
βak0

0 1 T · · · T r−3

(r − 3)!
− T r−2

(r − 1)!
βak0

...
. . .

...

0 · · · 0 1 −T

2!
βak0

0 · · · 0 0



m12 =



(
T r−1

(r − 1)!
+

T r−1

r!
β

)
ak0(

T r−2

(r − 2)!
+

T r−2

(r − 1)!
β

)
ak0

...(
T +

T

2!
β
)
ak0

1


m21 =

[
T

T 2

2
· · · T r−1

(r − 1)!
− T r

(r + 1)!
βak0

]T
m22 =

(
T r

r!
+

T r

(r + 1)!
β

)
ak0

l =

[
T r−1

(r − 1)!
bk0 · · · Tbk0 0

T r

r!
bk0

]T
and, ak0 and bk0 are defined as ak and bk, respectively,
with y = 0. Deleting uk in (10) leads to the following

sampling zero dynamics for sufficiently small sampling
periods

ξ̄k+1 = Mrξ̄k (12)

where

Mr =

 m1,1 · · · m1,r

...
. . .

...
mr,1 · · · mr,r


mi,j = T j−i

{
1

(j − i)!
− γi

j!

}
i ≤ j, i = 1, · · · , r − 1, j = 1, · · · , r − 1

mi,j = −T j−i γi
j!

i > j, i = 1, · · · , r − 1, j = 1, · · · , r − 1

mi,r = T r−i

{
− 1

(r + 1− i)!
+

γi
(r + 1)!

}
βak0

i = 1, · · · , r − 1

mr,j = − 1

T r−j

γr
j!ak0

, j = 1, · · · , r − 1

mr,r =
β

(r + 1) + β

γi =

(r + 1)!

(r − i)!
+

(r + 1)!

(r + 1− i)!

(r + 1) + β
, i = 1, · · · , r − 1

γr =
(r + 1)!

(r + 1) + β

The matrices Mr are listed below for a few values
of r.

M1 =
β

2 + β
(13)

M2 =


−3− 2β

3 + β
− T

6 + 2β
ak0β

− 1

T

6

(3 + β)ak0

β

3 + β

 (14)

M3 =



−8 + 3β

4 + β
−T

2 + β

4 + β

T 2βak0

3!(4 + β)

− 1

T

24 + 12β

(4 + β)
−8 + 5β

4 + β

Tβak0

2!(4 + β)

− 4!

T 2(4 + β)ak0
− 4!

T (8 + 2β)ak0

β

4 + β


(15)

As a result, the sampling zero dynamics of the
sampled-data model with FROH have the following
properties.

Properties 1 : Consider the sampled-data model
with FROH for a continuous-time system (1) with rel-
ative degree r.
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Case (i) r = 1. The sampling zero dynamics are stable
if

−1 < β (16)

Case (ii) r = 2. Assume that the term
a(0, ẏ, · · · , y(r−1), η) is constant. The sampling
zero dynamics are stable if

−1 < β < 0 (17)

Case (iii) r = 3. The sampling zero dynamics are
unstable.

Remark 1: It is easy to see that Properities 1 are
similar to the results of the linear case [13].

Remark 2: On the controlled Van der Pol system
with relative degree two, the closed-loop system be-
comes unstable when Yuz and Goodwin’s model is
used for design of feedback controller which requires
the stability of the zero dynamics [6]. However, from
the Properties 1 (ii), on such a case, the resulting
feedback control system is stable when FROH with
−1 < β < 0 is used for a hold.

IV. CONCLUSION

This paper derives a sampled-data model and an-
alyzes its zero dynamics for nonlinear systems in the
case of a fractional-order hold. The resulting model
has an advantage to the Yuz and Goodwin’s model
with respect to the stability of the sampling zero dy-
namics when the relative degree of a continuous-time
nonlinear plant is two.
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