
A Time Variant Seasonal ARIMA Model for Lung Tumor Motion Prediction 
 

K. Ichiji
1
, M. Sakai

2
, N. Homma

3
, Y. Takai

4
 and M. Yoshizawa

3
 

1 
Graduate School of Engineering, Tohoku University, 6-6-05 Aoba, Aoba-ku, Sendai 980-8579 JAPAN 

2 
Center of Inform. Tech. Edu., Tohoku University, 41 Kawauchi, Aoba-ku, Sendai 980-8576 JAPAN 

3 
Cyberscience Center, Tohoku University, 6-6-05 Aoba, Aoba-ku, Sendai 980-8579 JAPAN 

 
4 

Tohoku University Graduate School of Medicine, 2-1 Seiryo-machi, Aoba-ku, Sendai 980-8575 JAPAN 
1
(Tel : 81-022-795-7130; Fax : 81-022-263-9163) 

1
(ichiji@yoshizawa.ecei.tohoku.ac.jp) 

 

 

Abstract: We propose a prediction method of lung tumor motion for real-time tumor following radiation therapy. An 

essential core of the method is a model building of time variant nature of the lung tumor motion. The method is based 

on a seasonal ARIMA model with an estimator of the time variant nature. The estimator provides the time variant period 

of the lung tumor motion by using a correlation analysis. The time variant SARIMA model can then predict complex 

lung motion by using the estimated period. The proposed method achieved highly accurate prediction of the average 

error 0.820±0.669[mm] at 0.5[sec] ahead prediction. This result is superior to other conventional methods at short- or 

mid-term prediction. 
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I. INTRODUCTION 

To realize an effective radiation therapy, high power 

radiation dose must be given accurately to a limited area 

to enhance the effect of treatment and avoid irradiating 

to normal tissues to decrease adverse effects. Extra-

cranial stereotactic radiation therapy (ESRT) is one of 

such advanced radiation therapy, and can irradiate accu-

rate and sufficient dose to motionless tumor such as 

vesical tumor case [1]. However, lung tumor for exam-

ple is not applicable target of the current ESRT because 

of its intra-fraction dynamic motion mainly due to the 

respiration. 

One ideal way to give accurate and sufficient thera-

peutic dose to such dynamic tumor is real-time tumor-

following radiation therapy (RTFT) [2]. RTFT can de-

liver dose to dynamic tumor continuously by moving 

the radiation sources or changing the shape of radiation 

area. For clinical use of RTFT, we need two technolo-

gies, i.e. real-time measurement technique of the tumor 

position and prediction technique of the tumor motion. 

X-ray fluoroscopy system will measure the position of 

the target in real-time. However, still we need to predict 

the position to compensate some time delays which is 

included in the radiotherapy instruments, such as control 

delay of radiation source and computational time for 

measurement of position and processing of time series. 

Lung tumor moves mainly with patient’s respiration 

and this motion is observed as a seasonal (i.e. cyclic) 

time series. There are many prediction methods for sea-

sonal time series such as seasonal autoregressive inte-

grated moving-average (SARIMA). However, the pe-

riod of the lung tumor motion is time variant. Therefore, 

conventional SARIMA model is not applicable to this 

time series, because the SARIMA model assumes com-

plete periodicity of the time series. 

Homma et al developed a prediction system for lung 

tumor motion by using the SARIMA model [2,3]. This 

system converts the time variant period of target time 

series into a new time series with time invariant period, 

and achieved long-term prediction of the average error 

1.05±0.99[mm] at 1[sec] ahead prediction [2]. 

In clinical use, we often need to predict short- or 

mid-term prediction at 0.1~0.5[sec] ahead. The desira-

ble average error of short- or mid-term prediction is less 

than sub-millimeters. The prediction accuracy must then 

be more improved in such prediction. 

In this paper, we propose a new prediction method 

of lung tumor motion for further improvement of the 

prediction accuracy. The basic idea of the method is to 

search more directly for reference points that are crucial 

for the prediction accuracy of the SARIMA model for 

the time variant seasonal time series. Simulation result 

by using clinical data will show that the accuracy of the 
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short- or mid-term prediction is improved by the pro-

posed method. 

II. TARGET TIME SERIES 

In this study, we used a real data of lung tumor motion 

as target time series. We will show the time variant na-

ture of the tumor motion. 

1. Lung tumor motion 

Three-dimensional time series of the motion of the 

marker implanted into the lung tumor was observed by a 

fluoroscopy system at Hokkaido University Hospital [4]. 

The sampling rate of time series was 30[Hz]. The time 

series was smoothed by using statistical filter and the 

Kalman filter for reduction of noise. In addition, the 

average value of the time series was removed. 

The time series of lung tumor motion is expressed as 

follows. 

𝒀 𝑡 = [ 𝒚1 𝑡 ,  𝒚2 𝑡 , 𝒚3 𝑡  ]. (1) 

where 𝒚𝑖(𝑡), 𝑖 = 1,2,3, are lateral, cephalocaudal, and 

anteroposterior coordinates of the target tumor at time 

𝑡[step] (1[step] = 0.033[sec]), respectively. For simplify, 

we use a one dimensional time series as 𝒚 𝑡 =

{𝑦 𝑡 , 𝑦 𝑡 − 1 , 𝑦 𝑡 − 2 ,… , 𝑦 2 , 𝑦(1)}  for explana-

tion of prediction methods. 

Fig.1 shows the time series of the lung tumor mo-

tion. The lung tumor motion is quasi cyclic due to pa-

tient's respiration and cardiac motion. Period of the cyc-

lic motion is approximately 90[steps] (=3[sec]). 

2. Period of the tumor motion 

Period of the lung tumor motion changes with time evo-

lution. For example, time intervals between peak and 

peak are time variant as shown in Fig.2 Peak to peak 

periods are 87[steps] at time 𝑡=711[step] and 82[steps] 

at time 𝑡=793[step] respectively. 

There are many prediction methods for seasonal 

time series such as SARIMA model and Holt-Winters 

Seasonal [5]. However, they assume that cyclic period 

of their target time series is constant. Therefore, we 

need to modify those seasonal methods for accurate 

prediction of the lung tumor motion. 

III. PREDICTION METHOD 

The prediction method proposed in this paper is com-

posed of a prediction model and a period estimator as 

shown in Fig.3. The period estimator provides the cyclic 

period of the tumor motion estimated at each time. Then 

the prediction model will generate predicted values by 

using the estimated periods. 

1. Prediction model: Seasonal ARIMA model 

The general SARIMA model can be given as follows. 

𝜙 𝐵 𝛷(𝐵𝑠)(1 − 𝐵)𝑑 1 − 𝐵𝑠 𝐷𝑦(𝑡)
= 𝜃 𝐵 𝛩 𝐵𝑠 𝑒(𝑡) 

(2) 

𝜙 𝑧 = 1 − 𝜙1𝑧 − 𝜙2𝑧
2 −⋯− 𝜙𝑝𝑧

𝑝  (3) 

𝛷 𝑧 = 1 − 𝛷1𝑧 − 𝛷2𝑧
2 −⋯− 𝛷𝑃𝑧

𝑃  (4) 

𝜃 𝑧 = 1 + 𝜃1𝑧 + 𝜃2𝑧
2 + ⋯+ 𝜃𝑞𝑧

𝑞  (5) 

𝛩 𝑧 = 1 + 𝛩1𝑧 + 𝛩2𝑧
2 + ⋯+ 𝛩𝑄𝑧

𝑄  (6) 

 

Fig.2. Two example of time variant periods as inter-

val between peak and peak. 
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Fig.3. Schematic diagram of the proposed prediction 

system. 
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Fig.1. Three dimensional time series 𝒀(𝑡)  of the 

lung tumor motion. 
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𝐵𝑘𝑥 𝑡 = 𝑥(𝑡 − 𝑘) (7) 

where 𝑒(𝑡)  is a Gaussian noise. Parameters 

𝑑, 𝐷, 𝑝, 𝑃, 𝑞 and 𝑄 imply differences, seasonal differ-

ences, autoregressive, seasonal autoregressive (SAR), 

moving average and seasonal moving average of the 

SARIMA model, respectively. 

The SARIMA can express a wide range of time se-

ries by designing the parameters. In this study, we sim-

plify the SARIMA model to avoid the over-fitting prob-

lem as 𝑑 = 𝐷 = 𝑞 = 𝑄 = 𝑝 = 0. The designed model 

is thus composed by SAR component only. 

Then the prediction equation of the model can be 

expressed as follows. 

𝑦 (𝑡 + ℎ) =  𝛷𝜌

𝑃

𝜌=1

∙ 𝑦(𝑡 − 𝜌 ∙ 𝑠 + ℎ) (8) 

where 𝑦 (𝑡 + ℎ) is the prediction value at time 𝑡 + ℎ 

of ℎ[steps] forward. 𝛷𝜌 , 𝜌 = 1,2, … , 𝑃 are weight coef-

ficients of SAR model, 𝑃 is the order of SAR model 

and 𝑠 is a constant period (time invariant). In this case, 

the prediction value is a function of the past values at 

the corresponding phase. 

2. Period estimator by using correlation analysis 

To predict a quasi cyclic time series using by SARIMA 

model, we need to know a period of the lung tumor mo-

tion. In the followings, we will show how to estimate 

the time variant period. 

A. Correlation function 

We used a kind of correlation analysis to estimate the 

period of the lung tumor motion. 

The pseudo correlation function we used is calcu-

lated by using two subsets of time series, e.g.𝒚𝑡 =

{𝑦 𝑡 , 𝑦 𝑡 − 1 , 𝑦 𝑡 − 2 ,… , 𝑦 𝑡 − 𝑤 − 1 } and 𝒚𝑡−𝑘 =

{𝑦 𝑡 − 𝑘 , 𝑦 𝑡 − 𝑘 − 1 , 𝑦 𝑡 − 𝑘 − 2 , … , 𝑦 𝑡 − 𝑘 −

𝑤 + 1 }. Subset 𝒚𝑡  is a time series within a window 

width 𝑤[steps] from past time 𝑡 − 𝑤 − 1 to current 

time 𝑡  and 𝒚𝑡−𝑘  is a 𝑘 [steps] delayed subset time 

series. We used window length 𝑤=90[steps] in this 

study. 

Then the pseudo correlation function as a function of 

time 𝑡 and lag 𝑘 will be given as follows. 

𝛾 𝑡, 𝑘 =
1

𝑤
 𝑦 𝑡 − 𝑗 ∙ 𝑦(𝑡 − 𝑘 − 𝑗)

𝑤−1

𝑗=0

 (9) 

An example of the calculated correlation function at 

time 𝑡=793[step] is shown in Fig.4. 

B. Estimation of time variant period 

To estimate a period, we first search reference points as 

peak points of the correlation function as follows. 

𝑟𝜌 𝑡 = arg max
𝑟𝜌  𝑡−1 −𝑙≤𝑘≤𝑟𝜌  𝑡−1 +𝑙

𝛾(𝑡, 𝑘) (10) 

where 𝑙 is the parameter to define the search area for 

the peak point. 

The estimated period 𝑠 𝜌(𝑡) will then be able to cal-

culate from the reference point 𝑟𝜌 𝑡  by using the fol-

lowing equation (Fig.4). 

𝑠 𝜌 𝑡 =  
 𝑟𝜌 𝑡 − 𝑟𝜌−1 𝑡 ,  if 𝜌 > 1

𝑟𝜌  𝑡 , otherwise
  (11) 

The initial value of the reference point is initialized 

by 

𝑟𝜌 1 = 𝜌 × 𝑠  (12) 

where 𝑠  is the average value of the pre-estimated pe-

riods and is set 𝑠 =90[steps] in this study. 

Fig.5 shows an example of the estimated period 

from the time series of the lung tumor motion. 

 

Fig.5. Time series of estimated period 𝑠 𝜌 𝑡  on each 

dimension 𝑖. 
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Fig.4. Pseudo correlation function 𝛾 𝑡, 𝑘  at time 

𝑡=793[step] and relationship between reference point 

𝑟𝜌 𝑡  and estimated period 𝑠 𝜌 𝑡 . 
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3. Prediction model: Time variant Seasonal ARI-

MA model 

We now propose a modified SARIMA model for time 

variant periodic time series by using the estimated pe-

riod. 

Modifying the equation (8), the prediction equation 

of the proposed SARIMA model can be given as fol-

lows. 

𝑦  𝑡 + ℎ =  𝛷𝜌 ∙ 𝑦(𝑡 − 𝑟𝜌 𝑡 + ℎ)

𝑃

𝜌=1

 (13) 

Note that there is no estimated period 𝑠 𝜌(𝑡) in equ-

ation (13). We can use reference point 𝑟𝜌 𝑡  instead of 

estimated period as 𝑟𝜌 𝑡 =  𝑠 𝜌(𝑡)𝑃
𝜌=1 . 

IV. RESULTS and DISCUSSIONS 

We have evaluated prediction performance of the pro-

posed method by comparing with these of conventional 

SARIMA and our previous SARIMA model [2]. For this 

evaluation, we used the clinical data of the lung tumor 

motion introduced in section 2 as test data. The parame-

ters of the proposed method and the conventional me-

thods were designed as 𝑃=2 and 𝛷𝜌=1/𝑃. 

We calculated a prediction error as the Euclidean 

distance between real and predicted positions as follows. 

𝑒 𝑡 + ℎ, ℎ =   (𝑦 𝑖 𝑡 + ℎ − 𝑦𝑖(𝑡 + ℎ))2

3

𝑖=1

 (14) 

Note that the prediction error 𝑒(𝑡 + ℎ, ℎ) is a function 

of the prediction interval ℎ. 

Then mean absolute error (MAE) is calculated as 

prediction performance with the prediction interval ℎ 

as follows. 

MAE(ℎ) =
1

𝑁
 𝑒(𝑛, ℎ)

𝑁

𝑛=1

 (15) 

where 𝑁 = 𝑡end − 𝑡start =2500[steps] is time interval 

for this evaluation. 

The evaluation results of the MAE and standard dev-

iation (SD) of the error at ℎ=15[steps] (0.5[sec]) are 

shown in Table 1. The proposed method demonstrated 

the least MAE and the least SD in comparison another 

methods. There is a difference of about 0.1[mm] against 

other methods on MAE. Fig.6 shows MAE as functions 

of the prediction interval ℎ. As is clear from this figure, 

the prediction error of the proposed method is smaller 

than these of the other two SARIMA methods at any 

intervals ℎ ≤30. 

V. CONCLUSION 

In this paper, we have developed a prediction method of 

time series for lung tumor motion. The proposed method 

is composed of the period estimator and the time variant 

SARIMA model. Simulation results showed the pro-

posed method can achieve highly accurate prediction 

and has superiority against conventional methods in 

short- or mid-term prediction. 
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Fig.6. Comparison among three methods of mean ab-

solute errors (MAE) as functions of the prediction in-

terval ℎ. 
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Prediction interval h [step]

Conventional SARIMA[2]
Modified SARIMA[2]
Proposed SARIMA

Table 1. The prediction performances of each pre

diction methods at 0.5[sec](ℎ=15[step]) ahead. 

Prediction method MAE±SD[mm] 

Conventional SARIMA[2] 0.9603±0.8775 

Modified SARIMA[2] 0.9408±0.8239 

Proposed SARIMA 0.8204±0.6693 
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