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Abstract: This paper discusses a control method for the acrobot. The acrobot is a model of a gymnast on
a horizontal bar with three links and two active joints and a passive joint. This robot is a non-holonomic
and underactuated system. We propose a control method for the acrobot where swing-up stage is performed
by genetic programming (GP) and balancing stage is handled by a linear quadratic regulator (LQR). Here,
GP searches for the optimum input torques for swing up so that the acrobot is able to reach the nearly-
desired configuration. The LQR is then switched on to stabilize the system. Simulation results show that
the proposed method could control the acrobot effectively.
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1 Introduction

The acrobot [1] is a model of a gymnast on a hori-
zontal bar. This robot is a non-holonomic and underac-
tuated system. Various studies have demonstrated for
a two-degree-of-freedom acrobot with an active joint
and a passive joint[2], but little has been reported on
a three-degree-of-freedom (3-DOF) acrobot[3][4]. The
3-DOF acrobot is studied in order to model more real-
istic system.

In this paper, we discuss a swing up control method
for the 3-DOF acrobot with and two active joints and a
passive joint. Swing up control is performed by genetic
programming (GP)[5]. GP is an approach expanding
from genetic algorithm (GA), and it can widely search
for optimum input feedback function for design of the
acrobot system. A motion control using GP is dis-
cussed in [6].

We propose a control method for the 3–DOF ac-
robot where swing up stage is performed by GP and
balancing stage is handled by a linear quadratic regu-
lator (LQR). It is appropriate to use GP for difficult
control problem as the acrobot.

2 Model of the acrobot

Fig. 1 shows the model of the acrobot. mi (i =
1, 2, 3) and Ii denote mass and moment of inertia, li
and lci denote length of link and distance to the center
of mass, θi is angle, hi is height to the top of link.
Here, u2 and u3 are symbolized as actuated torques.
The equation of motion of the acrobot system is

M(θ)θ̈ + C(θ, θ̇) + G(θ) = Hu, (1)

where,

θ = [ θ1, θ2, θ3 ]T , u = [ u2, u3 ]T .

Fig. 1: Model of the acrobot

M is an inertial matrix, C is a coriolis term, G is a
gravity term and H is constant matrix.

3 Control System

Fig. 2 shows the block diagram for closed-loop sys-
tem. Suffix d represents desired values. We define
deviations as e = θd − θ, ė = θ̇d − θ̇. The control goal
is to swing the acrobot up to balancing point (θd = 0,
θ̇d = 0). We propose a control method for the acrobot
where swing up stage is performed by genetic program-
ming (GP) and balancing stage is handled by a linear
quadratic regulator (LQR).
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Fig. 2: Block diagram for closed-loop system

3.1 Swing up control of GP

Evolutionary approach is the model of natural selec-
tion of genes. As evolution progresses, it is idea of the
individuals adapt to a given environmental. GP, which
is one of evolutionary approaches, searches for the opti-
mum input torques (feedback input function u ( e, ė ))
for swing up. Each individual of GP represents tree
structure which stands for a function. Fig. 3 shows
an example of a tree structure. Now, we explain the
terminology of GP.

Each elements of tree structure are called a node.
The node has a function node and a terminal node.
According to the tree structure as shown in Fig. 3, the
function nodes are “+”, “tanh” and “×”, the termi-
nal nodes are “x1”, “x3”, “5.2”. The function nodes
have a branch, for example “+” has two branch as
“tanh” and “×”, and “tanh” has one branch as “x1”.
The rank of tree structure is called depth. For exam-
ple, in Fig. 3, depth of tree structure is three. The
tree structure shown in Fig. 3 represents function as
“tanh(x1)+5.2x3”. We operate the tree structure with
genetic crossover and mutation, so that tree structure
adapts to the given environment. The elements for de-
sign of GP have the function nodes, the terminal nodes,
fitness, parameters (crossover rate, mutation rate, pop-
ulation size), termination condition. We will get the
desired feedback input function by the five elements
set effectively.

Fig. 3: An example of a tree structure

The following are calculation procedure.
Step 1

Set the number of generation G, and population size
is N . Generate a initial population, and evaluate the
population with fitness function below.

Step 2
Performs the crossover and mutation operation to

the population with mutation rate α.
Step 3

Generate new population up to N × β, where, β is
crossover rate.
Step4

Evaluate generated population, and individual of
the high fitness value is brought down to next gen-
eration.
Step5

Until generation reach G, repeat from Step 2. We
adopt the excellent individual as the input function of
control system.

The fitness function for evaluating the individuals is

E = min
t

[

w1(l1 − h1)2 + w2(l1 + l2 − h2)2

+w3(l1 + l2 + l3 − h3)2 + w4(θ̇r1 − θ̇1)2

+ w5(θ̇r2 − θ̇2)2 + w6(θ̇r3 − θ̇3)2
]

, (2)

where, t represents time of swing up motion, tf rep-
resents finish time of swing up motion, wi represents
weight coefficient. The lower fitness value, the closer
the acrobot locates in the desired position. The “min”
in the Eq. (2) is the minimum fitness value of each step
from the range of 0 < t ≤ tf . Finally, this minimum
fitness value is of the individual. Here, the first, three
term in the Eq. (2) are function considering the high-
est marks of the each link. For considering height of
the each link, the farther distance from the balancing
point causes high fitness value. θ1 and θ2 are restricted
in the range of −π < θ2,3 < π to limit rotated the link
2 and link 3. If θ1 and θ2 exceed the range of limit
while searching for the desired input function using
GP, we add 106 to the fitness value of the individual
for penalty.

3.2 Stabilize control at balancing point

Stabilizing control uses the LQR at the near bal-
ancing point. If θi is sufficiently small (θi ≈ 0), we
can approximate sin θi ≈ θi, cos θi ≈ 1 and neglect θ̇i

2
.

Thus, the Eq. (1) is simplified

M̃ θ̈ + G̃θ = Hu, (3)

and eliminate C which is coriolis term from the Eq. (1).
Here, state variable defines x = [ θ1, θ2, θ3, θ̇1, θ̇2, θ̇3 ]T ,
and the Eq. (3) is

ẋ = Ax + Bu. (4)

A =
[

03×3 I3×3

−M̃−1G̃ 03×3

]

, B =
[

03×2

M̃−1H

]

.
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4 Simulation

We carry out simulation as sampling time of 10[ms]
and tf = 3.0[s]. Initial values for state variable is
[ θ1, θ2, θ3, θ̇1, θ̇2, θ̇3 ] = [ π, 0, 0, 0, 0, 0 ]. We set the
terminal nodes as e, ė and random real numbers from
the range of [−10, 10]. The function nodes are shown
in Table 1. We hope that the term tanh in the function
node will get better result by inhibiting input torque.
We search for the individual (input function) which
minimize E by a combination of the terminal nodes
and the function nodes. Table 2 shows parameters of
GP, and Table 3 shows Parameters of the acrobot sys-
tem.

Using GNU Octave, the LQR controller was de-
signed with weighting matrices

Q = diag(1, 1, 1, 1, 1, 1),
R = diag(1, 1),

and the state feedback controller u = −Kx, where,

K = −

[

224.39 124.15 58.06
171.39 98.91 40.69

82.26 50.04 24.15
62.73 39.05 17.82

]

. (5)

Table 1: Nodes of function

Function Number of arg. Description
+ 2 arg.1 + arg.2
− 2 arg.1 − arg.2
∗ 2 arg.1 × arg.2

tanh 1 tanh(arg.1)

Table 2: Parameters of GP

Parameter Value
Number of generation G 100

Population N 200
Mutation rate α 0.60
Crossover rate β 0.80

Table 3: Parameters of the acrobot

Parameter Value Parameter Value
m1 [ kg ] 0.5 lc1 [m ] 0.25
m2 [ kg ] 0.5 lc2 [m ] 0.25
m3 [ kg ] 1.0 lc3 [m ] 0.5
l1 [m ] 0.5 I1 [ kgm2 ] 0.01
l2 [m ] 0.5 I2 [ kgm2 ] 0.01
l3 [m ] 1.0 I3 [ kgm2 ] 0.083
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Fig. 4: Evaluation at each generation

5 Results and Discussions

Fig. 4 shows the fitness value of excellent individual
at each generation. As the generation proceed, the
fitness value tends to the desired position gradually.
The fitness function is very important for getting the
optimum input torques. Especially, the setting of the
weight coefficients of the fitness function affects results
strongly, but there is no effective way to determine of
the weight coefficients, we have to decide those by trial
and error. We evaluate the position of the acrobot
considering the highest marks of each link. That is,
fitness value become lower at the near balancing point
and higher at the far balancing point.

We evaluate the angular velocity of the acrobot con-
sidering reaction forces. Each link of the acrobot re-
ceives reaction forces from the next link. Thus, if we
restrain the angular velocity of the link 2 previously,
the angular velocity of the link 1 and link 3 will de-
crease with decline of the angular velocity of link 2.
As a result, the weight coefficients of the fitness func-
tion are w1 = 40, w2 = 20, w3 = 10, w4 = 1, w5 = 10,
w6 = 1.

Fig. 5 shows successful simulation results of swing
up and balancing. θ1, θ2 and θ3 converged on the bal-
ance point in about 3.5 seconds. θ̇1, θ̇2, θ̇3, u2 and u3

are similar results. A switching time to swing up con-
trol from balance control is about 2.15 seconds. The
acrobot reaches to the balancing point quickly. We de-
termine the switching time as the step when the lowest
fitness value on the simulation.

We obttained the optimum feedback input function
using GP. The tree structure of u2 has number of the
nodes of 47 and its depth is 14. The tree structure
of u3 has number of the nodes of 161 and its depth is
27. The input functions are very complex because the
depth and number of nodes is large. therefore, we can
see that it was very hard to perform swing up control
of the 3-DOF acrobot.
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Fig. 5: Simulation results

6 Conclusion

In this paper, we have discussed swing up control for
the acrobot. We obtained the optimum input torque
using GP. As the simulation results, the acrobot could
swing up to the desired position, and the proposed
method could control the 3-DOF acrobot effectively.
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