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Abstract
This paper proposes a formation control method

for nonholonomic mobile robots in the presence of dis-
turbances. We use the kinematic model based on the
leader-following approach for the formation control of
multiple robots. However, unlike many researches con-
sidering only the kinematic model, we also consider the
dynamic model to obtain the torque input because it
is more realistic to use the torque as the input than the
velocity. Moreover, the sliding mode control method
is used to deal with disturbances acting on the mo-
bile robots. The system stability and the convergence
of tracking errors are proven using Lyapunov stability
theory.

1 Introduction

Over the past decade, the formation control of mul-
tiple robots has been studied by many researchers be-
cause of its usefulness in many applications, such as
automated transportation, spacecraft interferometry,
mitigation of natural and man-made disasters, surveil-
lance, mapping, and border patrol [1]. Various ap-
proaches have been proposed for the formation control
of multiple robots in the literature. These are roughly
categorized as behavior-based [2], virtual structure [3],
and leader-following [4].

In the leader-following approach, the referenced
robot, called a leader, tracks the predefined trajec-
tory, and the other robots, the followers, maintain the
desired distance and angle with respect to the leader.
This approach has been adopted by many researchers
because of the simplicity, scalability, and reliability.
Desai et al. [5] presented a feedback linearization
control method for the formation of multiple mobile
robots. Li et al. [6] proposed a kinematic model us-
ing Cartesian coordinates and applied a backstepping
technique to the formation control of multiple mobile
robots. Shao et al. [7] introduced a virtual robot

to keep the relative position between the leader and
followers. However, these methods only consider the
kinematic model of mobile robots and do not consider
the disturbances acting on the robots. The control in-
put of the controller for the kinematic model is the ve-
locity, but it is more realistic that the input is a torque
[8]. In addition, in practice, we have to deal with un-
structured uncertainties, noise, and disturbances. To
solve these problems, Sanchez and Fierro [9] proposed
a sliding mode controller for the leader-following robot
formation. However, since the control law requires the
derivative of the absolute value, it has a drawback that
it is difficult to obtain the control input.

Motivated by these observations, we propose a slid-
ing mode formation control method based on the
leader-following approach.

2 Problem Statement

2.1 Kinematics and Dynamics of Mobile
Robots

We consider the two-wheeled mobile robot. The
posture of the mobile robot can be described by three
parameters (x, y, θ) where x and y are position vari-
ables, θ is a heading direction angle. It is assumed
that the driving wheels of the mobile robot purely roll
and do not slip. This nonholonomic constraint can be
expressed as ẋ sin θ− ẏ cos θ = 0. Then, the kinematic
equation in Cartesian coordinates is derived as follows:




ẋ
ẏ

θ̇


 =




cos θ 0
sin θ 0

0 1




[
v
ω

]
(1)

where v and ω are the linear and angular velocities of
the mobile robot.

The dynamic equation of the mobile robot with
nonholonomic constraints can be described by Euler-
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Lagrange formulation as

M(q)q̈ + V (q, q̇)q̇ + G(q) = B(q)τ −AT (q)λ (2)

where q ∈ Rn is generalized coordinates, τ ∈ Rr is a
control input vector, λ ∈ Rm is a vector of constraint
forces, M(q) ∈ Rn×n is a symmetric, positive definite
inertia matrix, V (q, q̇) ∈ Rn×n is the centripetal and
coriolis matrix, G(q) ∈ Rn is the gravitational vector,
B(q) ∈ Rn×r is an input transformation matrix, and
A(q) ∈ Rm×n is a matrix related with nonholonomic
constraints.

Using A(q)q̇ = 0 and A(q)J(q) = 0 obtained by the
nonholonomic constraints, an r-dimensional vector z
exists such that q̇ = J(q)z where J(q) ∈ Rn×r consists
of linearly independent vectors in the null space of
A(q).

Substituting the equation q̇ = J(q)z into (2) yields

H(q)ż + F (q, z) = τ (3)

where H(q) = (JT (q)B(q))−1JT (q)M(q)J(q)
and F (q, z) = (JT (q)B(q))−1JT (q)(M(q)J̇(q) +
V (q, q̇)J(q))z. If the bounded disturbance τd exists in
the mobile robot, the actual dynamic equation of the
mobile robot can be rewritten as

H(q)ż + F (q, z) + τd = τ (4)

where τd = H(q)f , f = [f1 f2]T , |fi| ≤ fmi, i = 1, 2,
and τ = [τl τr]T is a torque vector applied to the left
and right driving wheels.

Property 1 The matrix H(q) is bounded and invert-
ible.

2.2 Formation Model Based on the
Leader-Following Approach

To design the sliding mode formation controller, we
use the leader-following model. For the follower, we
consider a virtual follower Rh which locates a distance
Df from the center of the follower Rf , where Df =
ρd cosϕd, ρd is a desired distance, and ϕd is a desired
angle. The virtual follower Rh is defined as follows [7]:

xh = xf + Df cos θf

yh = yf + Df sin θf

θh = θf (5)

where (xf , yf , θf ) denotes the position and the orien-
tation of the follower. Then, on the basis of (1), the
derivative of (5) is calculated as




ẋh

ẏh

θ̇h


 =




cos θf −Df sin θf

sin θf Df cos θf

0 1




[
vf

ωf

]
(6)

where vf and ωf are the linear and angular velocities
of the follower.

We also assume that there exists a virtual leader
Rv, which locates a distance Dl from the center of the
leader Rl, where Dl = ρd sin ϕd. The virtual leader
Rv is defined as follows:

xv = xl + Dl cos(θl − π

2
) = xl + Dl sin θl

yv = yl + Dl sin(θl − π

2
) = yl −Dl cos θl

θv = θl (7)

where (xl, yl, θl) denotes the position and the orienta-
tion of the leader. The derivative of (7) can be ob-
tained as




ẋv

ẏv

θ̇v


 =




cos θl Dl cos θl

sin θl Dl sin θl

0 1




[
vl

ωl

]
(8)

where vl and ωl are the linear and angular velocities
of the leader.

Assumption 1 The linear velocity vl of the leader is
not zero.

3 Main Results

The objective of the formation control problem is
to keep a relative pose (ρd, ϕd) between the leader and
the follower. For this, we use the virtual follower Rh

and the virtual leader Rv. That is, our control objec-
tive is to steer the virtual follower Rh so as to track the
virtual leader Rv. If the virtual follower can track the
virtual leader exactly, then the follower can maintain
the relative pose (ρd, ϕd) with respect to its leader.

The tracking errors between Rh and Rv are chosen
as

xe = xh − xv, ye = yh − yv, θe = θh − θv (9)

To guarantee the convergence of (9), we define the
following variables as

sx = ẋe + k1xe, sy = ẏe + k2ye, sθ = θ̇e + k3θe

(10)

where ki is a positive constant, i = 1, 2, 3.
Redefine (6) and (8) as follows:

M1(θh, Df )Ṙh = z (11)

M2(θv, Dl)Ṙv = zl (12)
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Table 1: Initial positions for four mobile robots
[x(0), y(0), θ(0)]

Leader [0, 0, 0]
Follower 1 [0, -0.5, 0]
Follower 2 [1, 0.5, 0]

where

M1(θh, Df ) =
[

cos θh sin θh 0
−α sin θh α cos θh 1− αDf

]
,

M2(θv, Dl) =
[
cos θv sin θv −Dl

0 0 1

]
,

z = [vf ωf ]T , zl = [vl ωl]T , α = tanh(vl/κ1).
(13)

Here, κ1 is a positive constant. Based on (13), we
propose the sliding surface S as follows:

S =M1(θh, Df )

×



sx + (1− αDf ) sin θhsθ

sy − (1− αDf ) cos θhsθ + tanh(yesθ)sθ

αsθ




(14)

where S = [s1 s2]T .

By using the computed-torque method, we can
choose the torque control input as follows:

τ = H(q)żl + F (q, z) + H(q)u (15)

where u = [u1 u2]T is a control law. Substituting
(15) into (4), we have

ż + f = żl + u. (16)

In this paper, we propose the control law u as fol-
lows:

u = Υ(Rh, Rv)− LS − P sgn(S) (17)

where L = diag[l1, l2] > 0, P = diag[p1, p2] > 0,
and sgn(S) = [sgn(s1), sgn(s2)]T . Υ(Rh, Rv) is rep-
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Figure 1: Trajectories of the leader and two followers
for the straight line path case.

resented as follows:

Υ(Rh, Rv) =

Ṁ1(θh, Df )



−k1xe + ẋv

−k2ye + ẏv

θ̇e − αsθ + θ̇v




+ M1(θh, Df )




−k1ẋe + ẍv

−k2ẏe + ÿv

θ̈e − α̇sθ − αṡθ + θ̈v




− Ṁ2(θv, Dl)




ẋv

ẏv

θ̇v


−M2(θv, Dl)




ẍv

ÿv

θ̈v




−
[

d
dt{sin θh tanh(yesθ)sθ}

d
dt{−α(1− αDf )sθ + α cos θh tanh(yesθ)sθ}

]
.

(18)

Theorem 1 Consider the dynamic model (4) of the
mobile robot with disturbances controlled by the pro-
posed control law (17). Under Property 1 and As-
sumption 1, the control law (17) stabilizes the sliding
surface S. Then, xe, ye, and θe converge to zero.

4 Simulation Results

In this section, we demonstrate the effectiveness
of the proposed controller. Design parameters for
the proposed controller are chosen as k1 = k2 = 1,
k3 = 0.002, l1 = l2 = 0.5, κ1 = 0.01, and p1 = p2 = 1.
The external disturbances are chosen to be normally
distributed random noises with the upper bounds
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Figure 2: Tracking errors (a) ρd − ρ (b) ϕd − ϕ

fm1 = fm2 = 0.5. To simulate the formation con-
trol, we assume that there exist three mobile robots.
The initial positions for three mobile robots are pre-
sented in Table I. The leader is moving on a straight
line with velocities [vl, ωl]=[1 m/s, 0 rad/s]. The de-
sired relative poses of followers with respect to leader
are ρd

1,2 = 2 m, ϕd
1 = π/4 rad, and ϕd

2 = −π/4 rad.
Figs. 1 and 2 show the trajectories of the leader and
followers and tracking errors, respectively.

5 Conclusions

In this paper, a new sliding mode formation con-
troller for nonholonomic wheeled mobile robots with
external disturbances has been proposed. The kine-
matic model based on the leader-following approach

has been considered. The dynamic model has also
been considered to obtain the control law at the torque
level. The system stability and the convergence of
tracking errors have been proven using Lyapunov sta-
bility theory.
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