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Abstract:

In order to prove the Four-Colour theorem (FCT) without using computer, basic definitions and theorems

useful for proving the FCT are presented and a bird-eye’s view of the brief proof is described and discussed. A

complete proof will appear elsewhere in near future.
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I. INTRODUCTION

Francis Frederick’s observation concerning map-
clouring was first submitted by his younger brother,
Frederic Guthrie, as a mathematical conjecture later
called the Four-Colour Problem, to his professor,
August de Morgan in 1852 [1-4]. Since then, the Four-
Colour Conjecture has long been considered to be a
most difficult unsolved problem until Appel and
Haken’s (1972, [5,6]) success in proving this conjecture
by using computer. The question whether or not the
Four-Colour theorem (FCT) could be proved without
using computer has since been the next important
problem remaining to be answered, although Robertson
et al. (1996) have considerably simplified Appel and
Haken’s proof [7,8].

In this communication, theorems most possibly
useful for proving the FCT with no use of computer
were presented and discussed towards prospecting and
achieving the final proof. A most plausible final proof of
the FCT without using computer will be published
elsewhere from this aspect, which is now under
reviwing (Ohnishi [9,10]. ).

I1. PRELIMINARIES: BASIC DEFINITIONS

In this section, some basic definitions useful for
proving the FCT are described. “I ” denotes the end of
each definition or theorem, whereas “I” denotes the
end of each proof.

[Definition 2.1](Jordan curve): Jordan curve QQ’
is defined as a portion of a closed Jordan curve, C,
cut off by two different points O and Q’, which
are called end-points of the Jordan curve QQ'. I

The next theorem is well known, and is descri-
bed below without proof.

[Theorem 2.1] (internal and external domains): If
C is a closed Jordan curve on §°, then we have S
=int C + C +ext C, where int C and ext C denote
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internal and external domains of C, respectively.
Let closed internal and external domains be defined
by Int C = int C + C, and Ext C = ext C + C,
respecttively, then we have S°=Int C +Ext C —C. I
[Proof] See Ore (1967) [11]. |}

[Definition 2.2] (graph, spherical graph): Graph
I is defined as a set consisting of a finite set of
vertices and a finite setof edges. Vertex is defined
as a point, and edge is defined as a Jordan curve
connecting and including two vertices (which are
end-points) P and P’. An edge e, connecting two
vertices P and P’ is written as e = [PP’]. <e> is
defined by <e>=e —P —P’. A vertex P is called to
be adjacent to P’, if a graph 7 has an edge,/PP’].
If a graph G is embeddable onto a sphere S°, G is
called a spherical graph and is written as G(S°). I

[Definition 2.3] (valency): If a vertex P is a
common end-point of different m edges, then m is
called valency (or degree) of P, and is written as
m = val P. I

[Definition 2.4] (s-cycle, s-gon, s-path): A (s-)
cycle is defined by a s-vertex-graph, C=C'=C’(e,,,
823,...,6&1) = P] + <e;p> + P2 + <ey> + ...+
<es ;s> + Py + <eg;>. A (s-)path is defined by U
(P],PA) = (JS(PJ,PJ: Cy(€12,€23,...,€&1) - €1 C is
also called s-gon (=s-hedron) (poly-gon, di-gon, tri-
angle, tetrahedron=quadrilateral, pentagon, etc.). I

From the Definitions 2.1~2.5, U(P,P,) is a
Jordan curve connecting P, and P, and a cycle is
a closed Jordan curve.

[Definition 2.5] (connected graph): If a path U(P,
P’) of a given graph [ can be found for any pair
of vertices, P and P’, which belong to /; I is
called “connected graph’. I

[Definition 2.6] (face): If G(S°) has a s-cycle (=
s-gon), C°, where int C° = o, Int C° (= int C+C°)
is called face (or s-gon face). I

Thus we find §° = int C' + C° +ext C-.

[Definition 2.7]((complete) triangulation): If G(S°)




is a connected graph dividing $° into exclusively
triangular faces, G is called “complete triangula-
tion (of S2)”. If G(S°) = C° satisfies ext C° = g,
and if G divides Int C° into exclusively triangular
faces, G is called “triangulation of s-gon, C°”. I

Let P be a vertex of complete triangulation
of %, then we easily find val P > 2.

[Definition 2.8] (v-colourable): Graph 7 is called
“vertex Vv-colourable” (or simply, v-colorable), if
every vertex is coloured with one of the given v
colours so that any two vertices adjacent to each
other are coloured with different colours. If a -
colourable graph G is coloured with g colours (1<
v ), the coloured graph is here called “v-coloured
graph”, and is written as col"(G). For an vertex P
EG “col’(P) = a” is defined for denoting that the
vertex P is coloured with a, in col'(G). If a
colourable graph, G is not colourable with v - [
colours, G is called “v-chromatic”. ||

The next theorem (Theorem 2.2) is well-known
[2,4,11], and is given here without describing proof.

[Theorem 2.2]Let T(S°) be an arbitrarily selected
complete triangulation of S°. The four-colour theo-
rem (FCT) is equivalent to that “Proposition A is
true”, where Proposition A is given by;

Proposition A: T(S’) is vertex four-colourable. I

[Definition 2.9](Two-faced quadrilateral, Figure 1):
“Two-faced quadrilateral with a diagonal edge e;;”
is defined as a subgraph of G(S°), and is given by
sz: C4() + <e;;> - G, where C40 = C4(€12,€23,
ez eq)e; = [Py, P, e;3 & Int C?, and e;; is a
Boundary edge dividing Int C* into two triangular
faces. Q7 is written as Q¥ = Q¥(C%ye;3). If 0¥ in
G(Sz) has any edge, e’;; or e’,, satisfying e’;; =
[P.,Ps] < Ext C'y, or e, = [P,P,] < Ext C%,
then the O7is called “incomplete quadrilateral”,
whereas it is called “complete quadrilateral” if
there is none of such edges. G(S°) having its sub-
graph Q%) =07(C*);e;3) is written as G = G(QY);
s N |

Figure 1. Two-faced quadrilateral, Q7(C?ye;3),
where C%)is a 4-cycle (= quadrilateral) given by
C'y = Cllenenesseq), e; = [P,P)], e;3 & Int o
{07} is an unavoidable (one-element-)set of Ty(S°),
a complete triangulation of §° with k vertices (k>4).
See Definition 2.9 and Lemma3.2.1.

[Definition 2.10](4-coloued graph, Kempe block):
Let col’,(G) denote a 4-coloured graph of G(S7),
coloured with 4 or 3 of the given 4 colours, a, b,
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¢, and d. col’,(G) is also called “4-colouration of
G”. Furthermore, ab-Kempe blocks (= ab-Kempe
chains), K,(P;) and K, (P, P)), are defined as con-
nected two-coloured sub-graphs of G respectively
having maximum numbers of vertices including P;
(for K,(P;) ), and both of P; and P; (for Ku(P;
P) )i where P; and P; are different two vertices of
G
If P is coloured with a in col’,(G), and is not
adjacent to any vertex coloured with b, K,,(P)
consists of exclusively one vertex P,

I11. BASIC THEOREMS

The following basic theorems are useful for
proving the FCT. Detailed proofs will be given in
Ohnishi (submitted, 2009a, 2009b).

[Theorem 3.1] For K,(P;, P;) in Definition 2.10,
there exists a 2-coloured path Uz (P,P;) as a sub-
graph of the 2-coloured graph, K,,(P;, P). I

[Proof] Evident from the definitions of connected
graph (Definition 2.5) and vertex 2-coloured graph
(Definition 2.8). [}

This theorem means that P; and P; are connected

by a 2-coloured Jordan curve, U (P, P)).

[Theorem 3.2] Let Ty(S°) be a complete triangu-
lation of §°, having k vertices (k > 4). Then there
exists a quadrilateral given by sz}go = sz(@k_g,'elg)
CTk, where C4k,g = C4(e12,e23,e34,e41), <e;> C int
C4k,0, and e; =[P, P,. Furthermore, szkﬂ satisfies
val P; >3, val P; >3, val P, >2, and val P, >2. I

Proof] See Ohnishi [9]. ||| »

[Lemma 3.2.1] In Theorem 3.2, a set, {O% } is
an unavoidable set (See [4] for definition.) of
T, (5°), and consists of only one element being a
quadrilateral. I

Proof] Evident from Theorem 3.2.1. |

[Theorem 33] Let Tk(SZ), C4ko:C4(€12,623,834,e41),

and Q7 ,=0Y(C*pe;3) CT,, (k>4) be defined as
same as in Theorem 3.2, with an additional condi-
tion that T} is 4-colourable. If col’y (T ) = col’(T};
0%,y is a four-cloured complete triangulation graph

of T, coloured with a, b, ¢, and d, then we can
consider, without losing generality, a coloration sa-
tisfying col’y (P,) = a, col’y (P;) = b, col’y (P;) =

¢, and col’y (P,) = ¢ or d. We find that col’) (T})
belongs to either one of the following two cases;

case I: There exists K,.(P,P;) (C col(T,;0%))).
case II: There does not exist K,.(P;,P;) (C col®

(T 0. |
[Proof] See Ohnishi [9]. ||}

[Definition 3.1] (case I and case II 4-colorations)

Let col*(T;0%,) and col’y(T;0%,) respectively
denote case I and case II 4-coloured complete tri-
angulation graph described in Theorem 3.3.
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IV. VERTEX-REDUCING COMPLETE
TRIANGULATION LINEAGE

[Theorem 41] Let Tk(SZ) C4k0 = C4(€12,€23,€34,€41)
and 0%, =0%(C*)e;;) CT,,, (k > 4) be defined as
same as in Theorem 3.2. Then QY belongs to
either one of the following three types;

type A: 0%, is a complete two-faced quadrilateral.

(val P;>4, val P;>4, val P,>3, val P;> )
type B: 0%, is an incomplete two-faced quadrila-

teral, in which there exists e’;3=/P;P;] S Ext C4k,0.

(val P1>4 val Ps>4, val P,>2, val P;>2)
type C: Q% is an 1ncomplete two-faced quadrila-

teral, in which there exists e’,,=/P, P, SExt C4k,0.

(val P;>3, val P;23, val P,>3, val Pz>3). |
Proof] See Ohnishi [10]. .
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Figure 2. Vertex-reducing operation f; and its in
verse operation, f;. See Definition 4.1 and Ohni
shi [10] for dertails.

P,

4
€4 €34 fa _ P,
P A Py -% T — €a
N f; P\=Py)
€12 €3 o ' ) €12

P Via an intermediate state, T *;
2 k P.
. 2
P
3 _ .3
(% - wpeAorypec) p eq A €1 p = Va2
; 3 T, =T, 0%
T=TuQ "\ giery) 0 s tuk-1 T
= (T SNy ~leadOa2iT)
P R Ve P, =f3(Tk; Q"k0)
d e 3 3
Q%= Q%plC ypi €53 To=T - @ U= Uleyy ey)
_ 4 L " 13 3
=Chotey =U k-:.z(wa"T")

f
= f2-1[U3k4 () =f2(Q2|‘.0;Tk)

Figure 3. Vertex-reducing operation f, and its
inverse operation, f;’. See Definition 4.1. and
Ohnishi [10] for dertails.

[Definition 4.1] (Vertex-reducing operations of
quadrilaterals ): For type A and type B quadrilate-
rals (Q%) of T, k(SZ) a vertex-reducing operations f;
which converts Tk(S) Tk(Q k(),ejg) to Tk_I(SZ):Tk_j_I
(U w1.1» Ty are defined as illustrated in Figure 2.
Similarly, for type A and type C quadrilaterals, a
vertex-reducing operation f;, which converts Tj(S°)=
T pe12) 10 Tiy(S) = Tiyo(Uly5Ty),  are defin
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edas illustrated in Figure 3. Since it is evident that

These operations are reversible via an intermediate
state (T;* = T, — e;3) shown in the figures 2 and
3, there exist inverse operations f;”’ and f5/ conver-
ting Tj.; to T;. These relations are expressed by;

Ter = M(T), T = (T, (i = 1.2), [#4.1]

or,
ffi!

T, €9 T (i=12, [#2]
where Ty = T i(Ukrs T Th = T(Ok ey3),
and Upp; = filQ%y ery).

More simply, we write [#4.2] as ;
/i
T, €2 T, (i=12). [#4.3]

Thus we have reached the next theorem,;

[Theorem 4.2] (See Figure 2 and Figure 3): Let
Tu(S’) = TuQ" ners), Cho =C'lenersessey), and
07, =0%(C*)ce;;) C Ty, (k >4) be defined as same

as in Theorem 3.2. Then we have;

(1) If 0%, is type A or type B ( in this case,
val P;> 4, val P; > 4): A type 1 vertex-reducing
complete triangulation 7y ;; is obtained by f};

Tiri = Tor (Ui Ty = T, 070,
where T}, 1(U3k_1,1;T ] denotes that the #ype I com-
plete triangulation T} ;; f1(T A Q k()) ] has a

-path given by Uk” = U(e12, ex) = ﬁ(Q Ty,
meaning that U 11 1s generated from Q k0 by fi
as shown in Figure 2. In T}, val P;>2, val P;>2,

val P,>2 val P>2.

(2) [Figure 2]: If 0%, is type A or type C ( in
this case, val P,> 3, val P, > 3): A type 2 vertex-
reducing complete triangulation 7}.;; is obtained by
In;

Tirz = TV T) = fo(Tr 0%,
where T, k_]_Z(U3k_1,21;T ) denotes that t_he type 2 com-
plete triangulation Tk12[ fg(Tk 070 1 has a

—path glven by Uk12 = U(e;;, 623) = fz(Q k0> Tk),
meaning that U 12 1s generated from Q o bY fo,
as shown in Figure 2. In T} ;,, val P;>2, val P;>2,

val P>>2 val P,>2.

Thus we finally have;

(i) If 0%, is type A (i.e.,complete quadrilateral),

then we have
Tir1 = filTi Q ko) = Te11(Uhr:Te ),
Tit2 = fz(Tk, Q k()) = Tk-1,2(U3/(-1,2,'77( )

(ii ) If 0%, is type B, then we have only
Tirs = filTys O ) = T i(Ur i Te),

(iii ) If Q% is type C, then we have only
Tyt = Ty 0% = TkJZ(Ukzz,Tk)

The vertex-reductions, T.;; = fi(Ty ; Q k()) = Th1i

(PrynTi ) (i = 1,2) in (i), (11) (iii) are all reversible

by Tk = T (Qvo s e13) = fi'(Teriy Urry). Thus T
k (Q ko, €3 can be reconstructed from Ty 1,,(U Lis
T, ) by either or both of ;" and f5". I
Proof] Evident from the definitions and theorems
descibed above. See also Ohnishi [10]. l

[Lemma 4.2.1] For Ty(S°) = TyQ%oer3) (k > 4)
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in Theorem 4.2, we find Tkt 1 Q k0 i = Tige 1)
/-1 Proof Proven by lettlng s = k-3, in [#4.4].
Jifi
Tk > T/(_] [#433]
where Ty, = Ty, = fi(Ty) for at least either one of V. TOWARDS FINAL PROOF OF THE
=1 and i=2,
L FOUR COLOUR THEOREM
Sl fawrtfa”  Sadlfwr" Fwsr/fisin” [Theorem 5.1] A necessary and sufficient conditio
Iy €27, €2 I, €. € T n for that an arbitrary complete triangulation Tj(S’)
(I <s < k-3) [#44] (with k vertices, k>4) is vertex 4-colourable is as
where i(k-j) = 1, and/or 2, j = 1,2,...,s. I below:;
[Proof] Ffas%ly proven from #4.2 and Theorem 4.2. Under the assumption that 7}, is vertex 4-colou-
See Ohnishi [10]. l rable, there exists a 4-coloured graph, col’y(Ty.;),
[Lemrr_lla 4.2.1] In _I7emm—a4.2.1_,] we find y (= 1,2,...j-3), which can be derived from a hypo-
Sl Siwr/fiar) Sia2/fioe Jiw/fiw thetical 4-coloured graph of Ty, given by col’y(T}, s
Tk €« T, €2 T, €& .......... 2> T where Tk_]] f(Tk/y Q k/()) f fI Orfz (deﬁned by
[#4.5] Definition 4.1) and Q7 0 = 0’ (C4k10 e®7 ;). Here

where_i(k-j) = 1, and/or 2, j = 1,2,...,k-4, and

[Casel] ac-Kempe block: aKa({Pp P

bgudP4) or KunlPg) balualP 4} or KaulPg)
( bd-Kempe
change,
if needed )
f1a
[4
-
f'ln)
KadPy Py 2 ¢
(@ 9“33! =f] (T*} Ty = Q¥ - e, T= f(Ta Qi)
' = fp(Ty) =, (T
Ia [Tkl kI1J o 5 1ok
= TV i, Tyd
3 k1) [k n
Uk-l,1=U(€_‘| )

Figure 4. Vertex-reduction of a 4-coloured complete triangulation graph, col’y(T ; sz}ao) in case I. See text
and Ohnishi [10] for details.

[Casell] BKac{F’p Py) (inExtC )

Kac“)1] K. (P -
KpalP 2) ac(P3) ol P) KoalP3) Keal Py)
T Q" &™) — T *oW T~ fdTi0%)
Qo ena) =119 T"= Q- ey = fp (T = £y Bl Ty)
fl e fig(Typ iU kIJ] = TV i T)

[k-1)
Via =0 ["-.n €2}

Figure 4. Vertex-reduction of a 4-coloured complete triangulation graph, col’y(T; ; 0%y in case II. See text
and Ohnishi [10] for details.

©ISAROB 2009 290



C4]Ug is a 4-cycle of T, and Qf(C"k 0 ) s
a quadrllateral consisting of C, k0 = C4(e(”) 12

T - 3 i i -

(J) (/) (/) 1) and em) 1= [P(”)y,P( j)i2]~ I

[Proof] For j = 0, we need to proof
N/
col’ (Ty) €= col’y(T...). [#4.6]

From Theorem 3.3 and Deﬁnition 3.1, we find

col'o(Ty) = col’(Tix0%o) (for case I) [Eq.

or col” H(Tk,Q kvo). (for case II ,

and we can consider that col’, (PY))=a, col’,(P",)
= b, col'y (PY;) = ¢, and col’y (PY,) = b or d,
without losing generality.

[1] (See Figure 4) In case I, 'K, (P”, PY;) CExt

e 40 and then there exists a ac-coloured Jordan
curve path connecting P¥; to P¥;. Accordingly, K
sa(PY,) can be changed into K (PY,), if col*, (PY
4 = d. Thus we have a 4-colouring of T;* (= Tj-
e®™,; ) with both P®, and P¥, with b. Let f;, deno
te the operation converting col’y(Ty0%0) to this
4-colouring, colIm(Tk C4k0) then we have col4lm
(Te*:Co ) = fralcol (T Q%)) It is evident that t
his operation is reversible, and therefore, col? Ty ;

0%c0) = fia'[col 1 \(T*:Clip )]

Since col'y(PY,) =col'y(P,) = b, col’ (Ty*:Chp) ©
an be further modified to the four coloured graph,
col'o(Ty 1; Uk 11), where Uiy, =U ™", e*))).
Let f;, denote the operation converting col*(T\; Q%
o) to col’y(T, k_],'U3k_1,1), as shown in Figure 4. Then
W¢E have COl4o(Tk_1,'U3k_1,1) = ﬁb[0014l,1(1(Tk*;C4k,0 )] =
Silfral€ol'(T Ok o)] = fin® fralcol (T Q7vo)] =
filcol’ (T Q%c)].  ( fi = fiv° fio)- Note that every
vertex in Ty, ; shows valency > 2, since Q% is ty
pe A or type B (from Theorem 4.1).

It is also evident that f;, is also reversible, and
we have COlIlu(Tk Cho ) I [6’01 O(kaUkII)]
and therefore, col (Tk,Q ko) fid [col“a(Tk C"ko )]
= fla " [COZ (Tk-z,UA-u)]] fiae fis! [col o(Tis;
Uk11)] f}- [COl ()(Tk1 Uk][)] Thus for case 1,
where col’, (T,) = col? I(Tk,Q ko) we find

Sy
col’y (Tk) 69 col’ o(Ty..), [#4.7]

although col”, O(T U ) is defined as derived from
col’y (Tyy O7cy). In other words, for a given Ty(Q’
Teor e, 5) really exists as proven in Theorem 4.2.,
but the existence of col’, (T}) is an assumption, an
d therefore, the relation [#4.7] could have some me
aning only if col40(T 1) could exist.

[II] (See Figure 5) In case II, there does not exista
ny ac-Kempe block satisfying K,.(P™,P";;) < Ext
c ;0 » which means no existence of any ac-
coloured Jordan curve path connectmg P¥, to P,
Accordingly, in T;* a conversion of K,.(P;) to K.
(P3) generates P; and P; to be coloured with the s
ame colour, a. Thus, as similarly as in case I, we
find, for case II, where col’y (T}) =
we find
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!
col’y (T,) €= col’o(Ty.,), [#4.8]

althoug_h col’y(Ty.;) is defined as deried from col?y
(Ti:0%0) (See Figure 5).

Since colg (TkQ ko) = col% (Tk,Q }(0) and/or
col ll(Tk,Q ko) #4.7 and #4.8 means #4.6 is true,
if col’y(Ty.;) could exist.

By converting k into k-j, #4.8 proves the Theorem

_S.4,
Vi

col’y (Tr;) €= col'o(Ti;). #4.8a] |}

However, it is important to note that we do not
know whether or not col’y (T;.;) could exist in #4.8.
If col’y (Ty.;) exists, then we similarly find

N/
col’ o(T.;) €= col’y(Tp.). [#4.6a]

By repeating similar considerations, we easily
find an important Theorem;
[Theorem 5.2] If Ti(S2) mentioned in Theorem 4.1
is fourcolourable, we find the followings, #4.9 ~
#4.10a;

/i
col' (Ti;) € col’o(Ty.1), [#4.9]
(j =012 .. ks-1), (s < k4),
or,

N/ N/ !
00140(Tk) L oL 2 COl4o(Tk_1) L ob 2 COl4g(Tk_2) ...
N/ 7!
€D col'y(T,.,) €= col'y(T)), [#4.9a].

where

col'o(T) = fleol'o(Ter))] = flcol'o(Te)]= ...
= f~[col’ (T\)], [#4.10]
col'o(Ty) = [ [col'o(Ti.)] =(f "V [col'o(Tis)] =
= () [col’ (T,)]. [#4.10a]
In #4.9/#4.9a, we do not know col’,(T,), although
we can obtain, from Lemma 4.2.1, a s-vertex com-
plete triangulation graph, 7;, deduced from T}.
[Lemma 5.2.1] Based on Theorem 5.2, it follows;
/(—S/O(‘ -I)k-s
col'(T) €= col'yT), (s < k-4), [#4.10]
or, coli’g(Ts) = f~[col’(T\)], col'(Ty = (f ) [col’
(1]
[Proof] Evoident from above descriptions. [}
Thus we have reached the Final Theorem,
[Theorem 5.3] (The Four Colour Theorem): Eve
ry complete triangulation of S, Ty(S), is vertex fou
r colourable (k > 3). I
[Proof] For k (k > 4), let s =
we find;

3 in Lemma 5.2.1,

f—S/G- —1)k—3

col'y(T) € col'|(Ts), [#4.11]
or, col'o(Ts) = [7[col'o(T})], [#4.11a]
col'o(T) =(f ) [col (T3] [#4.11b]
#4.11 ~ #4.11b is a special case of Lemma 5.2.1,

where col’,(T;) really exists as one of the possible
4x3x2 (=24) 4-colourings of a triangle, T°(S°), by
appropriately naming vertices.

Thus we can safely conclude that;
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(1) The necessary and sufficient condition for
the existence of a 4-coloured complete triangulation,
col’o(Ty), is the existence of col’)(T3), satisfying
col'(T;) = f[col’ (T].

(2) “The col’,(T)” really exists.
From (1) and (2), Theorem 5.3 is proved. I

VI. CONCLUTION

The essential portion of the proof of the FCT is
briefly presented. The entire, complete proof will
be published elsewhere. It is most important that
the essence of the enormous complexity of the FCT
is beautifully found in the series of the necessary a
nd sufficient conditions given in #4.9a (for s=3).
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