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Abstract 
 

Two graphs GA and GB with the same number of nodes 
n and the same number of branches b are said to be 
isomorphic if these graphs have the same adjacency 
relations between nodes. We have got many graphs with 
the same maximum number of trees in the process of 
continuous branch additions. These graphs have same 
numbers of nodes n, branches b and trees t. We certified 
those graphs are isomorphic by a computer algorithm. 
This algorithm is based on permutations of nodes with the 
same degree in a sequence of node degrees. Examples of 
isomorphic graphs are presented in the process of adding 
branches one by one. If two graphs with same numbers of 
nodes n and branches b are isomorphic, these graphs have 
same numbers of trees. The further problem will be to 
prove the reverse condition. 

Keywords: Isomorphic graph, Maximum number of 
trees, Continuous branch addition  

 
1 Introduction 
 

The number of trees of a graph would be an index to 
estimate the reliability of probabilistic communication 
networks with either high or low link probabilities when 
those probabilities are independent and equal [1].  

Some analytical methods have been reported to 
calculate the number of trees of graphs obtained from the 
complete graph by deleting several types of subgraphs 
[2],[3]. Other ones are to maximize the number of trees 
when some branchs or subgraphs are deleted from the 
complete graph [4],[5]. Another one is to get the 
expressions of trees of a graph which is obtained by 
connecting graphs of special structures [6]. 

These analytical methods are based on obtaining the 
expressions derived from a node determinant of the target 
graphs with some special structures. But simple 
expressions haven’t been known for graphs without any 
structural conditions so far. 

On the other hand, using numerical method, we 
constructed graphs with the maximum number of trees by 
adding a new branch continuously to the original graph[ 

7]. 
In this paper, we have noticed that two or more graphs 

with the same maximum number of trees appeared many 

times in the process of branch additions. All of those 
graphs are made sure to be isomorphic for some examples 
which are started branch additions from a tree of series 
branches with nodes n=7 and a star-shaped tree of n=8. 

In the following sections, we will show two algorithms 
for graph construction and isomorphism. Results of 
estimation by connectivity are also presented to examine 
strength of these graphs. 
 
2 Preliminary results [7] 
 

First, we introduce some graph theoretical terms. A 
graph denoted by ),( EVG = is composed with a node 
set V and a branch set E. Each branch denoted by  
connects a pair of nodes and . A graph is said to be 
simple if it has no parallel branches, no self-loops and no 
directed branches. In this paper, we treat only simple 
graphs as shown in Fig.1 (a). A tree is a subgraph which 
connects all nodes of a graph G and includes no closed 
circuits, as shown in Fig.1 (b). 
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Fig.1. (a) Simple graph, (b) Tree 

 
The complete graph of n nodes has one branch  

between every node pair , , and includes 
),( ji
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branches. The matrix ( )ijaA =  can be constructed from 
a graph G with n nodes, where for 1,1 −≤≤ nji , each 
diagonal element is the number of branches incident to 
node , and each non-diagonal element is –1 if there 

is a branch  between two nodes and , otherwise 
0. Then the number of trees 
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T  of the graph G is 

represented by the determinant . Since the value of || A
T  is always an integer for any graph, the determinant T  
must be calculated by using double precision floating 



point number for matrix A . Usual Gaussian elimination is 
available for this purpose. 

 
Algorithm: Max-trees 
 
Step1. Find the set P of position where there isn’t 

an branch  in the given original graph 
. Now, set ←  and k ← 0. 
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Step2. Calculate the number of trees *T  of each graph 

obtained by adding a branch  to the graph , 
for each position 

),( ji kG
Pji ⊂),( , respectively. 

Step3. Find the branch  that gives the maximum 

number of trees among 

),( ji
*T ’s in Step2. Replace 

← + branch , 1+kG kG ),( ji P← P - position , 
and k ← k+1. 

),( ji

Step4. If the set P  is empty, then terminate. Otherwise 
go to Step2. 

 
3 Isomorphic structure of graphs  
 

3.1  Isomorphic graphs 
 
When the algorithm starts from a series-branch tree 

graph of Fig.2(a), we obtain the sequence of branches 
represented by numbers near dotted lines as shown in 
Figs.3.  

 
 
 
 
 
 
 
  (a) Series-branch tree.       (b) Star-shaped tree. 
 

Fig.2. Initial graphs. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.3. Branch sequence for 
     Series-branch tree of n=

 
 In the process to obtain this branch sequence, there are 
many isomorphic graphs with the same maximum number 
of trees as shown in Table 1. 
 

Table 1. Isomorphic graphs with the same 
 maximum number of trees of Fig.3. 

 

Added 
branch 

Total 
branches b

Max. number 
 of trees 

Isomorphic 
graphs* 

0 6 1 1 
1 7 7 1 
2 8 19 7 
3 9 51 2 
4 10 117 1 
5 11 231 4 
6 12 408 2 
7 13 720 1 
8 14 1200 1 
9 15 1840 4 

10 16 2800 1 
11 17 4200 3 
12 18 6125 2 
13 19 8575 3 
14 20 12005 2 
15 21 16807 1 

* Number of isomorphic graphs including itself 

 For example, on added branch 5 of the Table 1,there are 
4 graphs with 11 branches and 231 trees as shown in Fig.4. 
In this figure, each of 4 branches represented by dotted 
lines A,B,C, and D is the candidate to be added next.  
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.4. Four candidate branches 
 

According to the criterion to select one branch that 
gives the maximum number of trees, any one among 4 
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branches can be selected. But its selection may cause 
different results in the later process of branch additions. 
Now, we denote graphs including branch A, including 
branch B, including branch C, and including branch D as 
GA, GB, GC, and GD, respectively in Fig.4. 

GA and GC are isomorphic because of symmetric 
structure. Also GB and GD are isomorphic. To investigate 

 15th.  



isomorphism between GA and GB, we have constructed 
the next algorithm. 

 
3.2  Algorithm for Isomorphic Structure 

 
A node degree d(v) of a node v of a graph G is a 

number of branches incident to node v in G. A degree 
sequence S of a graph G is a sequence of node degrees of 
all nodes of a graph G. We assume that S is arranged in a 
decreasing order and separated into subsequences S1, 
S2,･･･,Sm, where Si includes the same degrees. In general, 
two graphs GA and GB must have the same degree 
sequences SA and SB to be isomorphic. Then we assume 
that degree sequences SA and SB corresponding to graphs 
GA and GB are composed with the same subsequences SA 
=SB=(S1, S2, ･ ･ ･ ,Sm). The number of nodes for 
subsequence Sk is denoted by |Sk|.  

Outline of the algorithm to determine isomorphism 
between GA and GB is as follows.  
 
Algorithm Isomorphic 
 
Step1. Set k=1(Subsequence k is noticed). 
 
Step2. Generate next permutation of |Sk| nodes  

corresponding to Sk of SB.  
If permutation exhausted, GA is not isomorphic to  
GB (terminate the algorithm). 

 
Step3. Examine adjacency relations of graphs GA and  

permuted GB within the range of S1 ~ Sk. 
If this examination has succeeded and k<m, then  
set k ← k+1 and go to Step2. 
If this examination has succeeded and k=m, then  
GA is isomorphic to GB (terminate the algorithm). 
 

Step4. Otherwise, set k ← k-1 and return to Step2. 
 

For programming of this algorithm, the generation of 
permutation in Step2 is skipped for subsequence Sk with 
|Sk|=1. 

Using this algorithm, all graphs with the maximum 
number of trees in Table 1 have been found out to be 
isomorphic. Of course, cases of symmetric structures are 
omitted. For another initial graph of star-shaped tree 
shown in Fig.2(b) with nodes n=8, the number of 
isomorphic graphs are shown in Table 2.  

Isomorphic graphs have appeared many times in the 
process of continuous branch additions. The rate of a 
number of cases that give two or more isomorphic graphs 
is 9/14=64% in Table 1, and 15/20=75% in Table 2. 
 

3.2  Estimation of Graphs with the Maximum  
Number of trees by Connectivity 

 
The number of trees of a graph G has the relation with 

the reliability of communication networks with the same 
branch probability p.  
As another criterion to estimate communication networks, 
we introduce the connectivity of corresponding graph. 

Table 2. Isomorphic graphs with the same maximum 
 number of trees started from Fig.2(b). 

Added 
branch 

Total 
branches b 

Max. number 
of trees 

Isomorphic 
graphs* 

0 7 1 1 
1 8 3 21 
2 9 9 10 
3 10 27 3 
4 11 72 6 
5 12 168 4 
6 13 377 4 
7 14 841 1 
8 15 1537 7 
9 16 2800 2 

10 17 4928 1 
11 18 8056 4 
12 19 12440 2 
13 20 19200 1 
14 21 28800 1 
15 22 40800 4 
16 23 57600 1 
17 24 80640 3 
18 25 110592 2 
19 26 147456 3 
20 27 196608 2 
21 28 262144 1 

* Number of isomorphic graphs including itself 
 

A local connectivity k(i,j) between distinct two nodes i 
and j of a graph G=(V,E) is the minimum number of 
nodes removed to separate G. Then the connectivity of 
 

Table 3. Connectivity k(G) of the graph G 
appeared in Table 1. 

Branches b Ideal k Real k(G) 
6 1 1 
7 2 2 
8 2 2 
9 2 2 

10 2 2 
11 3 3 
12 3 3 
13 3 3 
14 4  3* 
15 4 4 
16 4 4 
17 4 4 
18 5 5 
19 5 5 
20 5 5 
21 6 6 



Table 4. Connectivity k(G) of graphs started 
from series branch tree of nodes n=8. 

Branches b Ideal k Real k(G) 
7 1 1 
8 2 2 
9 2 2 

10 2 2 
11 2 2 
12 3 3 
13 3 3 
14 3 3 
15 3 3 
16 4 4 
17 4 4 
18 4 4 
19 4 4 
20 5  4* 
21 5  4* 
22 5 5 
23 5 5 
24 6 6 
25 6 6 
26 6 6 
27 6 6 
28 7 7 

 
 
graph G denoted by k(G) is the minimum value of local 
connectivity k(i,j). Connectivity k(G) represents the 
strength of the network against damages of nodes and 
branches. 

Table 3 shows a comparison between ideal connectivity 
k and real k(G) for the graphs in Fig. 2. Ideal connectivity 
k is given by [2b/n], where [ ] denotes Gaussian 
notation[1]. Table 4 shows for graphs started from series 
branch trees with n=8. 

From Tables 3 and 4, graphs with the maximum 
number of trees constructed by algorithm Max-trees give 
good results in most cases except for cases marked with *. 

Graphs shown in Tables 3 and 4 started from series 
branch trees tend to balance node degrees into two 
consecutive integers.  
 
 
 
 
 
 
 
 
 
 

5. Conclusion 

 
We demonstrated that graphs with maximum number of 

trees constructed by simple algorithm Max-trees have 
isomorphic structures in. many cases as more than 60%. 
Graphs with the maximum number of trees are needed to 
be the models of reliable networks. 

Connectivity k(G) of a graph G is adapted as an another 
criterion to estimate the strength of networks against 
damages of nodes and branches. Except for few cases 
graphs with maximum number of trees give good 
performance.  

We used computer algorithm to examine isomorphism 
for graphs with the same number of nodes n, branches b, 
and trees. If the same numbers of trees means isomorphic 
of graphs, it is very easy to examine isomorphism. This is 
the future problem. 
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